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:H UHYLHZ WKH DUJXPHQWV LQ IDYRU RI XVLQJ VR�FDOOHG ?VWURQJ SULPHV� LQ WKH 56$
SXEOLF�NH\ FU\SWRV\VWHP� 7KHUH DUH WZR W\SHV RI VXFK DUJXPHQWV� WKRVH WKDW VD\
WKDW VWURQJ SULPHV DUH QHHGHG WR SURWHFW DJDLQVW IDFWRULQJ DWWDFNV� DQG WKRVH WKDW VD\
WKDW VWURQJ SULPHV DUH QHHGHG WR SURWHFW DJDLQVW ?F\FOLQJ� DWWDFNV �EDVHG RQ UHSHDWHG
HQFU\SWLRQ��

:H DUJXH WKDW� FRQWUDU\ WR FRPPRQ EHOLHI� LW LV XQQHFHVVDU\ WR XVH VWURQJ SULPHV
LQ WKH 56$ FU\SWRV\VWHP� 7KDW LV� E\ XVLQJ VWURQJ SULPHV RQH JDLQV D QHJOLJLEOH
LQFUHDVH LQ VHFXULW\ RYHU ZKDW LV REWDLQHG PHUHO\ E\ XVLQJ ?UDQGRP� SULPHV RI WKH
VDPH VL]H� 7KHUH DUH WZR SDUWV WR WKLV DUJXPHQW� )LUVW� WKH XVH RI VWURQJ SULPHV
SURYLGHV QR DGGLWLRQDO SURWHFWLRQ DJDLQVW IDFWRULQJ DWWDFNV� EHFDXVH /HQVWUD
V PHWKRG
RI IDFWRULQJ EDVHG RQ HOOLSWLF FXUYHV �(&0� FLUFXPYHQWV DQ\ SURWHFWLRQ WKDW PLJKW KDYH
EHHQ RmHUHG E\ XVLQJ VWURQJ SULPHV� 7KH PHWKRGV WKDW 
VWURQJ
 SULPHV DUH LQWHQGHG
WR JXDUG DJDLQVW� DV ZHOO DV (&0� DUH SUREDEDOLVWLF LQ QDWXUH� EXW (&0 VXFFHHGV ZLWK
KLJKHU SUREDELOLW\� )RU 56$ NH\ VL]HV EHLQJ SURSRVHG QRZ� WKH SUREDELOLW\ RI VXFFHVV
RI WKHVH PHWKRGV LV YHU\ ORZ� $GGLWLRQDOO\� WKH QHZHU 1XPEHU )LHOG 6LHYH DOJRULWKP
FDQ IDFWRU 56$ NH\V ZLWK FHUWDLQW\ LQ OHVV WLPH WKDQ WKHVH PHWKRGV�

6HFRQG� D VLPSOH JURXS�WKHRUHWLF DUJXPHQW VKRZV WKDW F\FOLQJ DWWDFNV DUH H[WUHPHO\
XQOLNHO\ WR EH HmHFWLYH� DV ORQJ DV WKH SULPHV XVHG DUH ODUJH� ,QGHHG� HYHQ SUREDEDOLVWLF
IDFWRULQJ DWWDFNV ZLOO VXFFHHG PXFK PRUH TXLFNO\ DQG ZLWK KLJKHU SUREDELOLW\ WKDQ
F\FOLQJ DWWDFNV�

� ,QWURGXFWLRQ

7KH 56$ SXEOLF�NH\ FU\SWRV\VWHP >��@ KDV UHFHLYHG ZLGHVSUHDG DFFHSWDQFH LQ WKH FRPPHUFLDO
PDUNHWSODFH� LQ SDUW EHFDXVH LW KDV UHFHLYHG LQWHQVH VFUXWLQ\ E\ DFDGHPLF FU\SWRJUDSKHUV�
7KH SXUSRVH RI WKLV SDSHU LV WR H[WHQG WKLV VFUXWLQ\ E\ FDUHIXOO\ H[DPLQLQJ WKH FRPPRQ
UHFRPPHQGDWLRQ WKDW RQH VKRXOG XVH ?VWURQJ SULPHV� ZKHQ FRQVWUXFWLQJ NH\V IRU DQ 56$

e6XSSRUWHG E\ 56$ 'DWD 6HFXULW\� ,QF� $GGUHVV� /DERUDWRU\ IRU &RPSXWHU 6FLHQFH� 0DVVDFKXVHWWV
,QVWLWXWH RI 7HFKQRORJ\ &DPEULGJH� 0$ ������ (PDLO DGGUHVV� ULYHVW#WKHRU\�OFV�PLW�HGX �

\$GGUHVV� 56$ /DERUDWRULHV� �� &URVE\ 'U�� %HGIRUG� 0$� ������ (PDLO DGGUHVV� EREV#UVD�FRP



FU\SWRV\VWHP� :H nQG WKDW IRU SUDFWLFDO SXUSRVHV XVLQJ ODUJH ?UDQGRP� SULPHV RmHUV VHFXULW\
HTXLYDOHQW WR WKDW REWDLQHG E\ XVLQJ ?VWURQJ� SULPHV� &XUUHQW UHTXLUHPHQWV IRU ?VWURQJ�
SULPHV GR QRW PDNH WKHP DQ\ PRUH VHFXUH WKDQ UDQGRPO\ FKRVHQ SULPHV RI WKH VDPH VL]H�
,QGHHG� WKHVH UHTXLUHPHQWV FDQ OHDG D JHQHUDO DXGLHQFH WR EHOLHYH WKDW LI D SULPH LV ?VWURQJ�
WKDW LW LV VHFXUH DQG WKDW LI LW LVQ
W ?VWURQJ� WKHQ LW PXVW EH ?ZHDN� DQG KHQFH LQVHFXUH�
7KLV VLPSO\ LV QRW WUXH�

:H EHJLQ LQ 6HFWLRQ � ZLWK D JHQHUDO GLVFXVVLRQ RI WKH QRWLRQ RI ?ZHDN NH\V��

6HFWLRQ � WKHQ SURYLGHV D UHYLHZ RI WKH HVVHQWLDOV RI WKH 56$ SXEOLF�NH\ FU\SWRV\VWHP�
PRVWO\ DV D PHDQV RI HVWDEOLVKLQJ QRWDWLRQ�

,Q 6HFWLRQ � ZH FRQWLQXH ZLWK D GHnQLWLRQ RI D ?VWURQJ SULPH�� �$FWXDOO\� ZH SURYLGH
VHYHUDO GHnQLWLRQV� FRUUHVSRQGLQJ WR WKH YDULRXV FULWHULD WKDW KDYH EHHQ SURSRVHG LQ WKH
OLWHUDWXUH�� ,Q RUGHU WR DVVXUH RXUVHOYHV WKDW VWURQJ SULPHV DUH D SUDFWLFDO SRVVLELOLW\� ZH
UHYLHZ WZR DOJRULWKPV IRU nQGLQJ VWURQJ SULPHV LQ 6HFWLRQ ��

$ TXLFN VXUYH\ RI WKH KLVWRU\ RI WKH UHFRPPHQGDWLRQ WR XVH VWURQJ SULPHV LV JLYHQ LQ
6HFWLRQ �� �+HUH WKH nUVW DXWKRU FRQIHVVHV WR KDYLQJ SOD\HG D SDUW LQ WKLV KLVWRU\ RI WKLV
UHFRPPHQGDWLRQ�� :H VHH WKDW WKH UHFRPPHQGDWLRQV DUH EDVHG RQ WZR EDVLF FRQFHUQV� D
FRQFHUQ DERXW WKH GLpFXOW\ RI IDFWRULQJ� DQG D FRQFHUQ DERXW ?F\FOLQJ� DWWDFNV�

6HFWLRQ � GLVFXVVHV WKH UHTXLUHPHQW IRU ?VWURQJ� NH\V� UDWKHU WKDQ MXVW ?VWURQJ� SULPHV�
&HUWDLQ IDFWRULQJ DWWDFNV FDQ H[SORLW WKH UHODWLRQVKLS EHWZHHQ WKH WZR SULPHV WKDW PDNH XS
WKH NH\ DV RSSRVHG WR H[SORLWLQJ WKH VWUXFWXUH RI WKH LQGLYLGXDO SULPHV� 7KH UHTXLUHPHQW IRU
?VWURQJ� SULPHV LJQRUHV WKHVH DWWDFNV FRPSOHWHO\� :H VKDOO VKRZ WKDW VXLWDEO\ ODUJH UDQGRP
SULPHV JXDUG DJDLQVW WKHVH DWWDFNV�

,Q 6HFWLRQ � ZH FRQVLGHU IDFWRULQJ DWWDFNV RQ WKH PRGXOXV� :H VHH WKDW EHIRUH ���� LW
DSSHDUHG VHQVLEOH WR UHFRPPHQG XVLQJ VWURQJ SULPHV DV D SURWHFWLRQ DJDLQVW FHUWDLQ IDFWRULQJ
DWWDFNV� NQRZQ DV WKH ?S h �� DWWDFNV� ,QGHHG� NH\ VL]HV EHLQJ SURSRVHG DW WKDW WLPH ZHUH
DPHQDEOH WR DWWDFN E\ WKHVH PHWKRGV� 7KH GHYHORSPHQW RI /HQVWUD
V ?HOOLSWLF FXUYH PHWKRG�
>��@ RI IDFWRULQJ LQ ���� LV VHHQ� KRZHYHU� WR UHPRYH WKH PRWLYDWLRQ IRU XVLQJ VWURQJ SULPHV
DV D SURWHFWLRQ DJDLQVW WKH S h � IDFWRULQJ DWWDFNV� :H VKDOO SUHVHQW WDEOHV ZKLFK JLYH WKH
SUREDELOLW\ RI VXFFHVV IRU Sh � DQG (&0 DWWDFNV IRU D JLYHQ OHYHO RI HmRUW�

,Q 6HFWLRQ � ZH DGGUHVV WKH VHFRQG FRQFHUQ� F\FOLQJ DWWDFNV� +HUH ZH SUHVHQW D QHZ
WKHRUHP WKDW VKRZV WKDW DV ORQJ DV WKH SULPHV XVHG DUH ODUJH� WKH F\FOLQJ DWWDFNV DUH XQOLNHO\
WR VXFFHHG�

)LQDOO\� 6HFWLRQ �� FORVHV ZLWK VRPH UHFRPPHQGDWLRQV�

:H DVVXPH WKDW WKH UHDGHU LV IDPLOLDU ZLWK HOHPHQWDU\ QXPEHU WKHRU\� VXFK DV SUHVHQWHG
E\ 1LYHQ DQG =XFNHUPDQ >��@� /H9HTXH >��@� RU &KDSWHU �� RI &RUPHQ HW DO� >�@� )RU VXUYH\V
RI IDFWRULQJ DQG QXPEHU�WKHRUHWLF DOJRULWKPV� VHH %DFK >�@� %UHVVRXG >�@� %XHOO >�@� 'L[RQ >��@�
*X\ >��@� .QXWK >��@� /HQVWUD DQG /HQVWUD >��@� 0RQWJRPHU\ >��@ 3RPHUDQFH >��@� DQG 5LHVHO
>��@� :H DVVXPH WKDW WKH UHDGHU LV IDPLOLDU ZLWK WKH HOHPHQWDU\ QRWLRQV RI FU\SWRJUDSK\
�HQFU\SWLRQ� GHFU\SWLRQ� NH\V� HWF��� DV JLYHQ� IRU H[DPSOH� LQ 'DYLHV DQG 3ULFH >�@� $Q
XQGHUVWDQGLQJ RI FU\SWRJUDSK\ LV QRW HVVHQWLDO� H[FHSW DV PRWLYDWLRQ IRU WKLV SDSHU� )RU
GLVFXVVLRQV RI WKH UHODWLRQVKLS EHWZHHQ QXPEHU WKHRU\ DQG FU\SWRJUDSK\� VHH .UDQDNLV >��@�
3RPHUDQFH >��@� DQG 5LYHVW >��@�
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� :HDN NH\V

,Q WKLV VHFWLRQ ZH UHYLHZ WKH QRWLRQ RI D ?ZHDN NH\�� DQG DWWHPSW WR FKDUDFWHUL]H WKLV QRWLRQ
PRUH IRUPDOO\�

:KHQ D FU\SWRJUDSKHU VHOHFWV D FU\SWRJUDSKLF NH\� KH LV FUHDWLQJ DQ LQVWDQFH RI D SUREOHP
WKDW KLV DGYHUVDU\ ZRXOG OLNH WR VROYH� 6XSSRVH WKH NH\ VHOHFWHG LV N� DQG WKDW WKH VHW RI DOO
SRVVLEOH NH\V LV GHQRWHG .� 7KH DGYHUVDU\ ZRXOG OLNH WR GHWHUPLQH N IURP VRPH DYDLODEOH
GDWD �PHVVDJHV HQFU\SWHG ZLWK NH\ N� HWF���

7KH DGYHUVDU\ PD\ HPSOR\ HLWKHU ?JHQHUDO�SXUSRVH� RU ?VSHFLDO�SXUSRVH� PHWKRGV LQ KLV
DWWHPSW WR GHWHUPLQH N� +HUH ZH XQGHUVWDQG D JHQHUDO�SXUSRVH PHWKRG DV RQH WKDW LV DOZD\V
HmHFWLYH� QR PDWWHU ZKDW N ZDV FKRVHQ� $Q H[DPSOH RI D JHQHUDO�SXUSRVH PHWKRG LV ?EUXWH�
IRUFH VHDUFK�� WU\LQJ HDFK SRVVLEOH N LQ WXUQ XQWLO WKH FRUUHFW RQH LV IRXQG� 2Q WKH RWKHU
KDQG� D VSHFLDO�SXUSRVH PHWKRG LV GHnQHG E\ WKH UHTXLUHPHQW WKDW N EH RI D VSHFLDO IRUP� LI
N LV QRW RI WKLV IRUP WKHQ WKH PHWKRG ZLOO FRPSOHWHO\ IDLO WR nQG N� )RU WKLV DWWDFN PHWKRG�
NH\V RI WKH VSHFLDO IRUP PD\ EH FRQVLGHUHG DV ?ZHDN NH\V�� )RU H[DPSOH� D SDUWLFXODU DWWDFN
PHWKRG PD\ RQO\ ZRUN DJDLQVW NH\V WKDW WHUPLQDWH LQ �� ]HURV� VXFK NH\V ZRXOG EH ?ZHDN
NH\V� IRU WKLV DWWDFN PHWKRG�

7KH QRWLRQ RI D ?ZHDN NH\� KDV DSSHDUHG EHIRUH LQ WKH OLWHUDWXUH� 6SHFLnFDOO\� WKH QRWLRQ
RI D ZHDN NH\ KDV EHHQ GHnQHG IRU '(6 �WKH 'DWD (QFU\SWLRQ 6WDQGDUG�� 'DYLHV DQG 3ULFH
>�� 6HFWLRQ ���@ GLVFXVV WKH FKDUDFWHULVWLFV RI ZHDN �DQG VHPL�ZHDN� '(6 NH\V DQG UHFRPPHQG
WKDW WKH '(6 XVHU DYRLG XVLQJ WKHVH NH\V LQ FHUWDLQ VLWXDWLRQV� :H JLYH WKLV PHUHO\ DV DQ
H[DPSOH� DQG GR QRW SXUVXH WKH LVVXH RI '(6 ZHDN NH\V IXUWKHU LQ WKLV SDSHU�

:KHQ DQ DGYHUVDU\ XWLOL]HV D VSHFLDO�SXUSRVH DWWDFN PHWKRG� KH LV WDNLQJ D JDPEOH� +H
LV EHWWLQJ WKDW WKH FU\SWRJUDSKHU KDV EHHQ VR FDUHOHVV �RU XQOXFN\� DV WR KDYH FKRVHQ D ZHDN
NH\� ,I WKH FU\SWRJUDSKHU GLGQ
W FKRRVH D ZHDN NH\� WKHQ WKH DGYHUVDU\ JDLQV QRWKLQJ E\ KLV
XVH RI D VSHFLDO�SXUSRVH PHWKRG_WKH HmRUW ZLOO FRVW WLPH DQG PRQH\ DQG KH ZRXOG KDYH
EHHQ EHWWHU Rm XVLQJ D JHQHUDO�SXUSRVH PHWKRG� 2Q WKH RWKHU KDQG� WKH DGYHUVDU\ PD\
EH OXFN\� WKH FU\SWRJUDSKHU PD\ KDYH FKRVHQ D ZHDN NH\� DQG WKH DGYHUVDU\ PD\ EH DEOH
WR nQG N XVLQJ KLV VSHFLDO�SXUSRVH PHWKRG PXFK PRUH HpFLHQWO\ WKDQ KH ZRXOG XVLQJ D
JHQHUDO�SXUSRVH PHWKRG� :KHQ LV LW ZRUWKZKLOH IRU WKH DGYHUVDU\ WR WDNH VXFK D JDPEOH"

7R DQVZHU WKLV TXHVWLRQ� ZH SURSRVH WKH IROORZLQJ ?nJXUH RI PHULW� IRU DQ DWWDFN PHWKRG�
WKH H[SHFWHG DPRXQW RI HmRUW UHTXLUHG IRU WKH DGYHUVDU\ WR nQG KLV nUVW VROXWLRQ� :H LPDJLQH
WKDW WKH DGYHUVDU\ LV JLYHQ D VHTXHQFH RI SUREOHP LQVWDQFHV WR VROYH� HDFK FRUUHVSRQGLQJ WR D
GLmHUHQW FU\SWRJUDSKLF NH\� +H DSSOLHV KLV PHWKRG WR HDFK LQVWDQFH LQ WXUQ� +H PHWKRG PD\
QRW EH DEOH WR VROYH PDQ\ RI WKH LQVWDQFHV� WKHVH PD\ QRW EH EDVHG RQ ZHDN NH\V� +H NHHSV
WU\LQJ XQWLO KH KDV KLV nUVW VXFFHVV� 7KH WRWDO DPRXQW RI HmRUW KH KDV H[SHQGHG XS XQWLO KLV
nUVW VXFFHVV LV WKH GHVLUHG ?nJXUH RI PHULW�� :H FDOO WKLV PHDVXUH WKH WLPH�WR�nUVW�VROXWLRQ�

:H FDQ PDNH WKLV QRWLRQ PRUH SUHFLVH DV IROORZV� /HW 6 GHQRWH WKH VSHFLDO�SXUSRVH
PHWKRG XQGHU FRQVLGHUDWLRQ� DQG OHW .

6

�D VXEVHW RI .� GHQRWH WKH VHW RI �ZHDN� NH\V IRU
ZKLFK 6 LV DEOH WR nQG D VROXWLRQ� 7KH SUREDELOLW\ WKDW WKH FU\SWRJUDSKHU KDV FKRVHQ D ZHDN
NH\ LV MXVW M.

6

M  M.M �DVVXPLQJ WKDW KH FKRRVHV NH\V IURP . XQLIRUPO\ DW UDQGRP�� DQG WKH
H[SHFWHG QXPEHU RI LQVWDQFHV WKH DGYHUVDU\ KDV WR FRQVLGHU EHIRUH KH VROYHV RQH LV M.M  M.

6

M�
6XSSRVH WKDW PHWKRG 6 UXQV IRU WLPH W

6

RQ DQ\ SUREOHP LQVWDQFH� LQGHSHQGHQW RI ZKHWKHU RU
QRW WKH LQVWDQFH LV EDVHG RQ D ZHDN NH\� 7KHQ WKH H[SHFWHG YDOXH RI 6
V WLPH�WR�nUVW�VROXWLRQ
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LV

7 �6�  W
6

c M.M
M.

6

M �
7KH JHQHUDO QRWLRQ RI ?WLPH�WR�nUVW�VROXWLRQ� LV HDVLO\ H[WHQGHG WR KDQGOH YDULDWLRQV RQ WKH
DERYH IRUPDOL]DWLRQ �VXFK DV WKRVH FDVHV ZKHUH W

6

GHSHQGV RQ ZKHWKHU RU QRW N LV D ZHDN
NH\��

7KH QRWLRQ RI ?WLPH�WR�nUVW�VROXWLRQ� LV D UREXVW QRWLRQ WKDW FDQ EH DSSOLHG WR JHQHUDO�
SXUSRVH PHWKRGV DV ZHOO DV VSHFLDO�SXUSRVH PHWKRGV� ,Q WKLV FDVH� WKH QRWLRQ EHFRPHV
HTXLYDOHQW WR WKDW RI WKH H[SHFWHG UXQQLQJ WLPH RI WKH DOJRULWKP �VLQFH D JHQHUDO�SXUSRVH
PHWKRG DOZD\V VXFFHHGV RQ WKH nUVW LQVWDQFH��

:H DVVHUW WKDW D VSHFLDO�SXUSRVH PHWKRG LV RI LQWHUHVW WR DQ DGYHUVDU\ RQO\ LI LWV H[SHFWHG
WLPH�WR�nUVW�VROXWLRQ LV OHVV WKDQ WKDW RI RWKHU PHWKRGV DYDLODEOH� VXFK DV WKDW RI JHQHUDO�
SXUSRVH PHWKRGV� :H FDOO WKLV DVVHUWLRQ WKH ?7LPH�7R�)LUVW�6ROXWLRQ 3ULQFLSOH�� 7KH 7LPH�
7R�)LUVW�6ROXWLRQ 3ULQFLSOH LV QRW VXVFHSWLEOH WR SURRI� DOWKRXJK YDULRXV GHFLVLRQ�DQDO\VLV RU
XWLOLW\ DUJXPHQWV FRXOG EH EURXJKW RXW LQ VXSSRUW RI WKLV SULQFLSOH� ,W LV KDUG WR LPDJLQH
ZKDW SRVVLEOH UHDVRQ DQ DGYHUVDU\ FRXOG KDYH IRU FKRRVLQJ D VSHFLDO�SXUSRVH PHWKRG ZKRVH
H[SHFWHG WLPH�WR�nUVW�VROXWLRQ ZDV JUHDWHU WKDQ IRU RWKHU DYDLODEOH PHWKRGV� :H DVVXPH WKH
7LPH�7R�)LUVW�6ROXWLRQ 3ULQFLSOH LQ ZKDW IROORZV�

:H VD\ D VSHFLDO�SXUSRVH PHWKRG LV FRPSHWLWLYH LI LWV WLPH�WR�nUVW�VROXWLRQ LV VPDOOHU
WKDQ WKDW IRU WKH DYDLODEOH JHQHUDO�SXUSRVH PHWKRGV� 2QO\ LI D VSHFLDO�SXUSRVH PHWKRG 6
LV FRPSHWLWLYH VKRXOG LWV GRPDLQ .

6

EH FRQVLGHUHG DV EHLQJ ?ZHDN� NH\V� ,Q WKLV FDVH� WKH
FU\SWRJUDSKHU VKRXOG VHULRXVO\ FRQVLGHU PRGLI\LQJ KLV NH\�VHOHFWLRQ SURFHGXUH VR DV WR DYRLG
WKH ZHDN NH\V LQ .

6

�

$V DQ H[DPSOH� FRQVLGHU D ?SDUWLDO EUXWH�IRUFH VHDUFK� PHWKRG� ZKLFK PHUHO\ VHDUFKHV
GLUHFWO\ IRU N LQ D VHW .

6

� $OWKRXJK WKH H[SHFWHG UXQQLQJ WLPH LV RQO\ W
6

 M.
6

M  � ZKHQ
N � .

6

� WKH WLPH�WR�nUVW�VROXWLRQ RI WKLV PHWKRG LV MXVW

�M.
6

M  �� M.M
M.

6

M  
M.M
�

ZKLFK LV WKH H[SHFWHG UXQQLQJ WLPH RI RUGLQDU\ EUXWH�IRUFH VHDUFK� 7KHUHIRUH SDUWLDO EUXWH�
IRUFH VHDUFK LV QRW FRPSHWLWLYH�

,Q WKH IROORZLQJ VHFWLRQV ZH WU\ WR GHWHUPLQH LI WKHUH DUH DQ\ FRPSHWLWLYH VSHFLDO�SXUSRVH
PHWKRGV IRU DWWDFNLQJ 56$� VR WKDW FHUWDLQ 56$ NH\V VKRXOG EH GHHPHG DV ?ZHDN� DQG
DYRLGHG�

:H QRWH KHUH WKDW WUXO\ ZHDN NH\V FDQ EH FRQVWUXFWHG E\ DQ\RQH ZDQWLQJ WR GR VR� 2QH
UHDVRQ IRU GRLQJ VR ZRXOG EH WR DOORZ UHSXGLDWLRQ RI D PHVVDJH� ,I RQH GHOLEHUDWHO\ JHQHUDWHV
D ZHDN NH\� RQH FRXOG ODWHU FODLP WKDW WKH NH\ ZDV ZHDN� WKDW VRPHRQH HOVH EURNH LW DQG VHQW
D ERJXV PHVVDJH� 7R JXDUG DJDLQVW WKLV� LW VKRXOG EH D UHTXLUHPHQW WKDW WKH UDQGRP QXPEHU
VHHG� DORQJ ZLWK D VSHFLnFDWLRQ RI WKH H[DFW SURFHGXUH IRU JHQHUDWLQJ SULPHV EH VWRUHG E\ WKH
XVHU� 1RZ� DQ RXWVLGHU FRXOG SURYH WKDW WKH DFWXDO ZHDN NH\ ZDV QRW JHQHUDWHG DFFRUGLQJ
WR WKH VWDWHG DOJRULWKP ZLWK WKH JLYHQ VHHG�

6LOYHUPDQ DQG :DJVWDm -U� >��@ DQDO\]H LQ GHWDLO WKH SUREDELOLW\ RI VXFFHVV IRU (&0
JLYHQ WKH VL]H RI WKH SULPH DQG OHYHO RI HmRUW ZLOOLQJ WR EH H[SHQGHG� 6RPH RI WKRVH UHVXOWV
DUH VXPPDUL]HG EHORZ LQ 6HFWLRQ �� ,Q DGGLWLRQ� WKH\ JLYH HVWLPDWHV RI WKH DPRXQW RI WLPH

�



RQH VKRXOG VSHQG ZLWK (&0 EHIRUH FKDQJLQJ WR WKH 1XPEHU )LHOG 6LHYH LQ RUGHU WR PLQLPL]H
WKH H[SHFWHG WRWDO WLPH EHIRUH RQH VXFFHHGV� 7KH WLPH �WR�nUVW�VROXWLRQ IRU VSHFLDO SXUSRVH
PHWKRGV LV QRW FRPSHWLWLYH ZLWK ZKDW FDQ EH DFKLHYHG ZLWK WKH 1XPEHU )LHOG 6LHYH�

� 7KH 56$ SXEOLF�NH\ FU\SWRV\VWHP

:H UHYLHZ WKH HVVHQWLDOV RI WKH 56$ SXEOLF�NH\ FU\SWRV\VWHP� SULPDULO\ DV D PHDQV RI LQWUR�
GXFLQJ QRWDWLRQ� 6HH 5LYHVW HW DO� >��@ IRU D PRUH FRPSOHWH GHVFULSWLRQ�

$ XVHU �VD\� $OLFH� RI WKH 56$ SXEOLF�NH\ FU\SWRV\VWHP VHFUHWO\ VHOHFWV WZR ODUJH SULPHV
S DQG T� DQG FRPSXWHV WKHLU SURGXFW Q� NQRZQ DV KHU SXEOLF PRGXOXV� 6KH DOVR VHOHFWV DQ
LQWHJHU H ! � VXFK WKDW

JFG�H� �Sb ���T b ���  � � ���

7KLV H LV NQRZQ DV KHU HQFU\SWLRQ H[SRQHQW� $OLFH SXEOLVKHV WKH SDLU �H� Q� DV KHU SXEOLF NH\�
6KH WKHQ FRPSXWHV G VXFK WKDW

GH s � �PRG ��Q�� � ���

ZKHUH ��Q� LV (XOHU
V WRWLHQW IXQFWLRQ�

��Q�  MID � � � D � Q DQG JFG�D� Q�  �JM ���

ZKLFK IRU Q  ST LV ��Q�  �Sb ���Tb ��� 7KH YDOXH G LV KHU GHFU\SWLRQ H[SRQHQW� $FWXDOO\�
HTXDWLRQ ��� FDQ EH LPSURYHG VOLJKWO\ WR

GH s � �PRG w�Q�� � ���

ZKHUH
w�Q�  OFP�Sb �� T b �� � ���

6ROYLQJ IRU G XVLQJ HTXDWLRQ ��� LQVWHDG RI HTXDWLRQ ��� LV VOLJKWO\ SUHIHUDEOH EHFDXVH LW FDQ
UHVXOW LQ D VPDOOHU YDOXH IRU G� 6KH UHWDLQV WKH SDLU �G� Q� DV KHU SULYDWH NH\�

$QRWKHU XVHU �VD\� %RE� FDQ VHQG $OLFH DQ HQFU\SWHG PHVVDJH 0 � ZKHUH � � 0 � Q� E\
VHQGLQJ KHU WKH FLSKHUWH[W

& s 0H �PRG Q�

FRPSXWHG XVLQJ $OLFH
V SXEOLF NH\ �H� Q�� :KHQ $OLFH UHFHLYHV & VKH FDQ GHFU\SW LW XVLQJ
WKH HTXDWLRQ

0 s &G �PRG Q�

FRPSXWHG XVLQJ KHU SULYDWH NH\ �G� Q�� 6LQFH QR RQH EXW $OLFH SRVVHVVHV G� QR RQH EXW $OLFH
VKRXOG EH DEOH WR FRPSXWH 0 IURP &�

7KH 56$ V\VWHP FDQ DOVR EH XVHG WR VLJQ PHVVDJHV� )RU UHDVRQV RI HpFLHQF\ WKH VLJQLQJ
SURFHGXUH W\SLFDOO\ XVHV D n[HG SXEOLF DX[LOLDU\ PHVVDJH GLJHVW IXQFWLRQ + �DOVR NQRZQ DV D
RQH�ZD\ IXQFWLRQ RU D FU\SWRJUDSKLF KDVK IXQFWLRQ�� $Q H[DPSOH RI VXFK D IXQFWLRQ LV JLYHQ
E\ 5LYHVW >��@� 7KH IXQFWLRQ + LV IDVW WR HYDOXDWH EXW FRPSXWDWLRQDOO\ LQIHDVLEOH WR LQYHUW�
$OLFH FRPSXWHV KHU VLJQDWXUH 6 IRU WKH PHVVDJH 0 XVLQJ WKH HTXDWLRQ

6  +�0�G �PRG Q� �

�



7KH SDLU �0�6� IRUP D �PHVVDJH� VLJQDWXUH� SDLU WKDW FDQ EH YHULnHG E\ DQ\RQH DV KDYLQJ
EHHQ VLJQHG E\ $OLFH� 7R GR VR� RQH XVHV $OLFH
V SXEOLF NH\ DQG FKHFNV WKDW WKH HTXDWLRQ

+�0�  6H �PRG Q�

KROGV� ,I �DQG RQO\ LI� WKH HTXDWLRQ KROGV GRHV RQH DFFHSW WKH VLJQDWXUH DV EHLQJ D VLJQDWXUH
UHDOO\ SURGXFHG E\ $OLFH� 6LQFH QR RQH EXW $OLFH SRVVHVVHV G� QR RQH EXW $OLFH FDQ HDVLO\
FRPSXWH 6 IURP 0 � DOWKRXJK DQ\RQH FDQ HDVLO\ YHULI\ WKH SDLU �0�6� DV VKRZQ DERYH�

,Q SUDFWLFH WKHUH DULVH PDQ\ H[WHQVLRQV DQG DSSOLFDWLRQV RI WKH EDVLF 56$ VFKHPH� VXFK
DV WKH XVH RI FHUWLnFDWHV DQG K\EULG V\VWHPV LQYROYLQJ 56$ DQG D FRQYHQWLRQDO FU\SWRV\VWHP�
%HFDXVH RXU FRQFHUQ LV ZLWK WKH VHFXULW\ RI WKH EDVLF VFKHPH� KRZHYHU� ZH GR QRW GLVFXVV
WKHVH LVVXHV KHUH�

7KH VHFXULW\ RI 56$ GHSHQGV FULWLFDOO\ RQ WKH LQDELOLW\ RI DQ DGYHUVDU\ WR FRPSXWH G IURP
WKH SXEOLF NH\ �H� Q�� 7KH SUREOHP RI FRPSXWLQJ G IURP �H� Q� LV HTXLYDOHQW WR WKH SUREOHP
RI IDFWRULQJ Q LQWR LWV SULPH IDFWRUV S DQG T� DV LV SURYHQ E\ %DFK HW DO� >�@� 7KHUHIRUH LW
LV LPSRUWDQW IRU WKH 56$ XVHU WR VHOHFW SULPHV S DQG T LQ VXFK D ZD\ WKDW WKH SUREOHP
RI IDFWRULQJ Q  ST LV FRPSXWDWLRQDOO\ LQIHDVLEOH IRU DQ DGYHUVDU\� &KRRVLQJ S DQG T DV
?VWURQJ� SULPHV KDV EHHQ UHFRPPHQGHG DV D ZD\ RI PD[LPL]LQJ WKH GLpFXOW\ RI IDFWRULQJ Q�
,Q 6HFWLRQ � ZH UHYLHZ WKH DUJXPHQWV LQ IDYRU RI XVLQJ VWURQJ SULPHV DV D SURWHFWLRQ DJDLQVW
IDFWRULQJ DWWDFNV�

7KH VHFXULW\ RI 56$ DOVR GHSHQGV RQ WKH LQDELOLW\ RI D FU\SWDQDO\VW WR LQYHUW WKH EDVLF
56$ IXQFWLRQ HYHQ ZLWKRXW NQRZLQJ G� 6RPH DWWDFNV DORQJ WKHVH OLQHV� NQRZQ DV ?F\FOLQJ�
DWWDFNV� KDYH EHHQ SURSRVHG LQ WKH OLWHUDWXUH� ,Q 6HFWLRQ � ZH VKDOO FRQVLGHU VXFK DWWDFNV LQ
GHWDLO�

� :KDW LV D VWURQJ SULPH"

7KLV VHFWLRQ JLYHV D GHnQLWLRQ RI ?VWURQJ SULPH� WKDW LQFOXGHV DOO RI WKH YDULRXV FRQGLWLRQV
WKDW KDYH SUHYLRXVO\ EHHQ SURSRVHG LQ WKH OLWHUDWXUH� :H DOVR SURYLGH WHUPLQRORJ\ IRU VRPH
YDULDQW GHnQLWLRQV�

:H OHW MSM GHQRWH WKH OHQJWK RI S LQ ELQDU\� 7KH IROORZLQJ GHnQLWLRQ XVHV (QJOLVK ZRUGV
VXFK DV ?ODUJH SULPH� WKDW DUH FODULnHG ZLWK VSHFLnF UHFRPPHQGDWLRQV RQ VL]HV� �7KHVH DUH
RQO\ QRPLQDO YDOXHV� LQ SUDFWLFH RQH PLJKW ZLVK WR XVH HYHQ ODUJHU YDOXHV��

$ SULPH S LV FRQVLGHUHG WR EH D ?VWURQJ SULPH� LI LW VDWLVnHV WKH IROORZLQJ FRQGLWLRQV�

q S LV D ODUJH SULPH� �6D\� MSM w �����
q 7KH ODUJHVW SULPH IDFWRU RI Sb �� VD\ Sb� LV ODUJH� �6D\� MSbM w ����� 7KDW LV�

S  DbSb � � ���

IRU VRPH LQWHJHU Db DQG ODUJH SULPH Sb�

q 7KH ODUJHVW SULPH IDFWRU RI Sb b �� VD\ Sbb� LV ODUJH� �6D\� MSbbM w �����
Sb  DbbSbb � � ���

IRU VRPH LQWHJHU Dbb DQG ODUJH SULPH Sbb�

�



q 7KH ODUJHVW SULPH IDFWRU RI S� �� VD\ S�� LV ODUJH� �6D\� MS�M w ����� 7KDW LV�

S  D�S� b � ���

IRU VRPH LQWHJHU D� DQG ODUJH SULPH S��

:H GHQRWH WKH FRUUHVSRQGLQJ YDOXHV IRU WKH SULPH T DV Tb� Tbb� T�� Eb� Ebb� DQG E��

6RPHWLPHV D SULPH LV FDOOHG VWURQJ LI LW VDWLVnHV RQO\ D VXEVHW RI WKHVH FRQGLWLRQV� 7R
PDNH RXU WHUPLQRORJ\ SUHFLVH� ZH VD\ WKDW D SULPH LV

Sb�VWURQJ LI Sb LV ODUJH�

Sbb�VWURQJ LI Sbb LV ODUJH�

S��VWURQJ LI S� LV ODUJH�

�Sb� S���VWURQJ LI ERWK Sb DQG S� DUH ODUJH�

�Sb� Sbb� S���VWURQJ� RU MXVW VWURQJ� LI DOO RI Sb� Sbb� DQG S� DUH ODUJH�

6RPHWLPHV D PRUH VWULQJHQW UHTXLUHPHQW LV UHFRPPHQGHG �H�J�� E\ :LOOLDPV DQG 6FKPLG
>��@�� VSHFLI\LQJ WKDW ZH PXVW KDYH Db  � �RU Dbb  �� RU D�  �� HWF��� :H FDOO VXFK SULPHV
Sb�VXSHUVWURQJ �RU Sbb�VXSHUVWURQJ� S��VXSHUVWURQJ� HWF�� +HOOPDQ DQG %DFK >��@ KDYH DOVR
UHFRPPHQGHG WKDW S� b � FRQWDLQ D ODUJH SULPH IDFWRU �ZKLFK ZH ZRXOG FDOO S�b��

� )LQGLQJ 6WURQJ 3ULPHV

6WURQJ SULPHV DUH VRPHZKDW UDUH� ,Q SUDFWLFH� KRZHYHU� RQH FDQ nQG VWURQJ SULPHV ZLWKRXW
XQGXH GLpFXOW\�

7KH RULJLQDO 56$ SDSHU >��@ VXJJHVWHG WKH XVH RI Sbb�VWURQJ SULPHV� ZKLFK FDQ EH HDVLO\
IRXQG DV IROORZV�

�� )LQG D ODUJH UDQGRP SULPH Sbb E\ WHVWLQJ ODUJH UDQGRPO\ FKRVHQ LQWHJHUV IRU SULPDOLW\
XQWLO D SULPH LV IRXQG�

�� &RPSXWH Sb DV WKH OHDVW SULPH RI WKH IRUP

Sb  DbbSbb � � ���

IRU VRPH LQWHJHU Dbb� 7KLV FDQ EH DFFRPSOLVKHG E\ WU\LQJ Dbb  �� �� �� � � � XQWLO D
SULPH Sb LV IRXQG� $ SUREDELOLVWLF WHVW IRU SULPDOLW\� VXFK DV WKH 0LOOHU�5DELQ WHVW
>��� ��@� FDQ EH XVHG WR WHVW HDFK FDQGLGDWH Sb IRU SULPDOLW\�

�� &RPSXWH S DV WKH OHDVW SULPH RI WKH IRUP

S  DbSb � � ����

IRU VRPH LQWHJHU Db� LQ D VLPLODU PDQQHU�

�



7KH WLPH UHTXLUHG WR nQG S LQ WKLV PDQQHU LV RQO\ DERXW WKUHH WLPHV WKH WLPH UHTXLUHG WR
nQG D UDQGRP SULPH RI WKH VDPH VL]H�

&OHDUO\� D SULPH S FRPSXWHG XVLQJ WKH DERYH SURFHGXUH LV Sbb�VWURQJ� ,W PD\ QRW EH S��
VWURQJ� KRZHYHU� DQG VR :LOOLDPV DQG 6FKPLG >��@ DQG *RUGRQ >��@ KDYH VXJJHVWHG DOJRULWKPV
IRU nQGLQJ SULPHV WKDW DUH S��VWURQJ DV ZHOO �L�H�� VWURQJ SULPHV�� :H QRZ JLYH WKH DOJRULWKPV
IRU nQGLQJ VWURQJ SULPHV SURSRVHG E\ :LOOLDPV DQG 6FKPLG� DQG E\ *RUGRQ�

��� 7KH :LOOLDPV�6FKPLG DOJRULWKP IRU nQGLQJ VWURQJ SULPHV

,Q ����� :LOOLDPV DQG 6FKPLG SURSRVHG WKH IROORZLQJ DOJRULWKP IRU nQGLQJ VWURQJ SULPHV�

�� )LQG Sbb DQG S� DV ODUJH UDQGRP SULPHV �VD\� ��� ELWV LQ OHQJWK HDFK��

�� &RPSXWH
U  b�Sbb�b� PRG S� � ����

+HUH � � U � S�� 7KH LQYHUVH RI Sbb PRGXOR S� FDQ EH FRPSXWHG XVLQJ WKH H[WHQGHG
IRUP RI (XFOLG
V DOJRULWKP �VHH� IRU H[DPSOH� &RUPHQ HW DO� >�� 6HFWLRQ ����@��

�� )LQG WKH OHDVW D VXFK WKDW ERWK

Sb  �DSbbS� � �USbb � � � DQG ����

S  �DSbbS� � �USbb � �

 �Sb � � ����

DUH SULPH�

,W LV HDV\ WR YHULI\ WKDW S� LV D IDFWRU RI S � �� 1RWH DOVR WKDW S LV Sb�VXSHUVWURQJ� VLQFH
Db  �� 7KH OHQJWKV RI S DQG Sb DUH DERXW WZLFH WKH OHQJWKV RI Sbb DQG S� ZLWK WKLV
SURFHGXUH�

7KLV SURFHGXUH LV QRWLFHDEO\ OHVV HpFLHQW WKDQ nQGLQJ D UDQGRP SULPH� VLQFH nQGLQJ DQ D
WKDW VLPXOWDQHRXVO\ PDNHV ERWK Sb DQG S SULPH LQ HTXDWLRQV ����^���� LV PXFK PRUH GLpFXOW
WKDQ� VD\� nQGLQJ DQ Db WR PDNH S SULPH LQ HTXDWLRQ ����� �,Q JHQHUDO� RQH ZRXOG H[SHFW
WKDW nQGLQJ Sb�VXSHUVWURQJ SULPHV ZRXOG EH PXFK PRUH GLpFXOW WKDQ PHUHO\ nQGLQJ ODUJH
SULPHV�� 1RQHWKHOHVV� WKLV SURFHGXUH LV TXLWH XVDEOH DQG HmHFWLYH IRU nQGLQJ VWURQJ SULPHV�

��� *RUGRQ
V DOJRULWKP IRU nQGLQJ VWURQJ SULPHV

,Q ���� -RKQ *RUGRQ >��� ��@ SURSRVHG DQRWKHU SURFHGXUH IRU nQGLQJ VWURQJ SULPHV� �,W LV
QRW FOHDU ZKHWKHU *RUGRQ ZDV DZDUH RI WKH SUHYLRXVO\ SXEOLVKHG DOJRULWKP RI :LOOLDPV DQG
6FKPLG�� *RUGRQ DUJXHV WKDW nQGLQJ VWURQJ SULPHV LV RQO\ VOLJKWO\ KDUGHU WKDQ nQGLQJ ODUJH
UDQGRP SULPHV RI WKH VDPH VL]H� +LV DOJRULWKP LV PRUH HpFLHQW WKDQ WKH :LOOLDPV�6FKPLG
DOJRULWKP EHFDXVH LW GRHV QRW FUHDWH D Sb�VXSHUVWURQJ SULPH� WKH YDOXH RI Db ZLOO W\SLFDOO\
EH FRQVLGHUDEO\ ODUJHU WKDQ � ZLWK *RUGRQ
V SURFHGXUH� *RUGRQ
V DOJRULWKP LV DV IROORZV�

�� )LQG Sbb DQG S� DV ODUJH UDQGRP SULPHV �VD\ ��� ELWV LQ OHQJWK HDFK��

�



�� &RPSXWH Sb DV WKH OHDVW SULPH RI WKH IRUP Sb  DbbSbb � �� IRU VRPH LQWHJHU Dbb�

�� /HW
S�  

r
�S��S

bb� b �Sb�S�b�
s
PRG �SbS�� �

�)RU WKH FRUUHFWQHVV RI *RUGRQ
V DOJRULWKP� QRWH WKDW )HUPDW
V WKHRUHP LPSOLHV WKDW
S� s � �PRG Sb� DQG S� s b� �PRG S����

�� &RPSXWH S DV WKH OHDVW SULPH RI WKH IRUP

S  S� � DSbS�

IRU VRPH LQWHJHU D�

%\ FRQWUROOLQJ WKH VL]HV RI WKH LQLWLDO SULPHV Sbb DQG S�� RQH FDQ KDYH UHDVRQDEOH FRQWURO
RYHU WKH VL]H RI WKH SULPH S� *RUGRQ H[SODLQV KRZ HYHQ JUHDWHU FRQWURO RQ WKH nQDO VL]H RI S
FDQ EH REWDLQHG E\ VWDUWLQJ WKH VHDUFKHV EDVHG RQ Dbb DQG D DW ODUJHU VWDUWLQJ YDOXHV �H�J�
VWDUWLQJ Dbb DW ����� 1RWH WKDW WKH OHQJWK RI Sb DQG S� LQ ELWV ZLOO EH DSSUR[LPDWHO\ KDOI
WKH OHQJWK RI S� DQG WKDW WKH OHQJWK RI Sbb ZLOO EH VOLJKWO\ OHVV WKDQ WKDW RI Sb� ,Q D W\SLFDO
DSSOLFDWLRQ� RQH PLJKW KDYH Sbb RI OHQJWK ��� ELWV� Sb DQG S� RI OHQJWK ��� ELWV� DQG S RI
OHQJWK ��� ELWV�

*RUGRQ HVWLPDWHV WKH UXQQLQJ WLPH RI KLV DOJRULWKP DV IROORZV� /HW 7 �N� GHQRWH WKH WLPH
WR WHVW D N�ELW QXPEHU IRU SULPDOLW\� ZH FDQ DVVXPH WKDW 7 �N�  d�N��� 5RXJKO\ N VXFK
N�ELW QXPEHUV QHHG WR EH WHVWHG IRU SULPDOLW\ EHIRUH D SULPH LV IRXQG� E\ WKH SULPH QXPEHU
WKHRUHP� 7KH QDLYH DOJRULWKP IRU nQGLQJ D N�ELW SULPH E\ WHVWLQJ UDQGRP N�ELW QXPEHUV IRU
SULPDOLW\ WKXV UHTXLUHV WLPH d�N7 �N��� *RUGRQ
V DOJRULWKP UHTXLUHV nQGLQJ RQH N�ELW SULPH
DIWHU nQGLQJ WKUHH N ��ELW SULPHV� WDNLQJ D WRWDO WLPH RI

N7 �N� � ��N ��7 �N ��  ������ �N7 �N�� �

7KLV MXVWLnHV *RUGRQ
V FODLP WKDW nQGLQJ VWURQJ SULPHV UHTXLUHV RQO\ ��� PRUH ZRUN WKDQ
WKH QDLYH DOJRULWKP IRU nQGLQJ UDQGRP SULPHV�

� +LVWRU\ RI 6WURQJ 3ULPH 5HFRPPHQGDWLRQV

,Q WKLV VHFWLRQ ZH SUHVHQW� LQ FKURQRORJLFDO RUGHU� WKH YDULRXV UHFRPPHQGDWLRQV WKDW KDYH
EHHQ PDGH IRU WKH XVH RI VWURQJ SULPHV LQ WKH 56$ FU\SWRV\VWHP�

,Q WKHLU RULJLQDO 56$ SDSHU� 5LYHVW� 6KDPLU� DQG $GOHPDQ >��@ VXJJHVW nQGLQJ SULPHV
S DQG T WKDW DUH Sb�VWURQJ ?WR JDLQ SURWHFWLRQ DJDLQVW VRSKLVWLFDWHG IDFWRULQJ DOJRULWKPV��
DQG VXJJHVW WKH SURFHGXUH JLYHQ LQ WKH SUHYLRXV VHFWLRQ IRU nQGLQJ Sbb�VWURQJ SULPHV� $W
WKH WLPH WKHVH VXJJHVWLRQV ZHUH PDGH� S h � ZDV WKH VWDWH RI WKH DUW LQ IDFWRULQJ DOJR�
ULWKPV� )XUWKHUPRUH� WKH VL]H RI NH\V EHLQJ VXJJHVWHG DW WKDW WLPH ZDV VXFK WKDW WKH Sh �
PHWKRGV DFWXDOO\ GLG JLYH D QRQ�QHJOLJLEOH FKDQFH RI VXFFHHGLQJ ZLWKLQ D UHDVRQDEOH WLPH�
,PSURYHPHQWV LQ DOJRULWKPV DQG LQFUHDVHV LQ NH\ VL]HV KDYH PDGH WKLV REVROHWH�

,Q ���� 6LPPRQV DQG 1RUULV >��@ GLVFXVVHG WKH IROORZLQJ ?F\FOLQJ� RU ?VXSHUHQFU\SWLRQ�
DWWDFN RQ WKH 56$ FU\SWRV\VWHP� JLYHQ D FLSKHUWH[W &� FRQVLGHU GHFU\SWLQJ LW E\ UHSHDWHGO\

�



HQFU\SWLQJ LW ZLWK WKH VDPH SXEOLF NH\ XVHG WR SURGXFH LW LQ WKH nUVW SODFH� XQWLO WKH PHVVDJH
DSSHDUV� 6LQFH WKH HQFU\SWLRQ RSHUDWLRQ HmHFWV D SHUPXWDWLRQ RI =

Q

 I�� �� � � � � Qb �J� WKH
PHVVDJH FDQ HYHQWXDOO\ EH REWDLQHG LQ WKLV PDQQHU� 5LYHVW >��@ UHVSRQGV WR WKHLU FRQFHUQ E\
�D� VKRZLQJ WKDW WKH RGGV RI VXFFHVV DUH PLQXVFXOH LI WKH Q LV WKH SURGXFW RI WZR Sbb�VWURQJ
SULPHV� DQG �E� DUJXLQJ WKDW WKLV DWWDFN LV UHDOO\ D IDFWRULQJ DOJRULWKP LQ GLVJXLVH� DQG VKRXOG
EH FRPSDUHG ZLWK RWKHU IDFWRULQJ DWWDFNV�

,Q ���� +HUOHVWDP >��@ SURSRVHG D JHQHUDOL]DWLRQ RI 6LPPRQV DQG 1RUULV
V DWWDFN� ZKLFK
FDQ EH YLHZHG DV D VHDUFK IRU D PXOWLSOH RI WKH RUGHU RI 0 � PRGXOR Q� XVLQJ D WULQRPLDO
HTXDWLRQ WR JHQHUDWH SRVVLEOH H[SRQHQWV� 5LYHVW >��@ DUJXHG WKDW WKH JHQHUDOL]DWLRQ LV QR
PRUH HmHFWLYH WKDQ WKH RULJLQDO DWWDFN� ZKHQ S DQG T DUH ERWK Sb�VWURQJ�

,Q ����� %ODNOH\ DQG %RURVK >�@ FRQVLGHU WKH QXPEHU RI PHVVDJHV 0 WKDW DUH OHIW XQHQ�
FU\SWHG E\ 56$� 7KDW LV� WKH\ FRQVLGHU PHVVDJHV WKDW VDWLVI\ WKH HTXDWLRQ

0 H s 0 �PRG Q� �

)RU DQ\ PRGXOXV Q WKHUH DUH DW OHDVW � VXFK PHVVDJHV ��� �� DQG Qb � DUH H[DPSOHV�� 7KH\
SURYH WKDW WKHVH � PHVVDJHV DUH WKH RQO\ VXFK PHVVDJHV LI WKH IROORZLQJ FRQGLWLRQ KROGV LQ
DGGLWLRQ WR HTXDWLRQ ����

JFG�Hb �� OFP�Sb �� T b ���  � � ����

7KLV FRQGLWLRQ LV WULYLDOO\ VDWLVnHG LI H  �� ,I H LV ODUJH DQG Hb � LV GLYLVLEOH E\ VRPH SRZHU
�N RI � IRU N ! �� WKHQ RQH PLJKW ZDQW WR FKRRVH HLWKHU S RU T WR EH Sb�VXSHUVWURQJ VR
WKDW HTXDWLRQ ���� KROGV� �7KLV LV SRVVLEO\ UHOHYDQW IRU WKRVH ZKR VXJJHVW VWDQGDUGL]LQJ WKH
HQFU\SWLRQ H[SRQHQW DV H  )�  �

�� � ���

,Q ����� :LOOLDPV DQG 6FKPLG >��@ UHYLHZ WKH VWDWH RI WKH DUW LQ IDFWRULQJ DQG F\FOLQJ
DWWDFNV� DQG JHQHUDOL]H WKH 6LPPRQV�1RUULV DWWDFN WR GHWHFW F\FOHV PRGXOR S� LQVWHDG RI
F\FOHV PRGXOR Q� 7KH\ DOVR SURSRVH D SURFHGXUH �GHVFULEHG DERYH� IRU JHQHUDWLQJ VWURQJ
SULPHV DV D GHIHQVH DJDLQVW VXFK DWWDFNV�

,Q ����� .QXWK >��� SDJH ���@ DUJXHG WKDW S DQG T VKRXOG ERWK EH Sb�VWURQJ� WR DYRLG
3ROODUG
V S b � DWWDFN �GHVFULEHG EHORZ LQ 6HFWLRQ ����� DQG VXJJHVWV FKHFNLQJ WR HQVXUH
WKDW QHLWKHU S � � QRU T � � KDV RQO\ VPDOO SULPH IDFWRUV� .QXWK DOVR GHVFULEHV D VOLJKW
LPSURYHPHQW WR 3ROODUG
V Sb � PHWKRG LQ H[HUFLVH ���������
,Q ���� %HUNRYLWV >�@ DSSDUHQWO\ UHGLVFRYHUHG WKH JHQHUDOL]DWLRQ RI WKH 6LPPRQV�1RUULV

DWWDFN JLYHQ E\ :LOOLDPV DQG 6FKPLG� �+H ZDV DSSDUHQWO\ XQDZDUH RI WKH :LOOLDPV�6FKPLG
SDSHU� VLQFH KH GLGQ
W UHIHUHQFH LW�� +H FRQFOXGHV WKDW LI Q LV WKH SURGXFW RI WZR Sbb�
VXSHUVWURQJ� Sb�VXSHUVWRQJ SULPHV� WKHQ WKH DWWDFN LV XQOLNHO\ WR VXFFHHG� +H DVVHUWV WKDW
ZKLOH WKH DWWDFN ?LV QRW PXFK ZRUVH WKDQ JXHVVLQJ IDFWRUV RI Q� LW LV QRW PXFK EHWWHU HLWKHU��

,Q ���� +RRJHQGRRUQ >��@ UHFRXQWHG DQG VXPPDUL]HG WKH DERYH DUJXPHQWV DQG UHFRP�
PHQGDWLRQV�

,Q ���� :LOOLDPV >��@ VXJJHVWHG WKDW Q VKRXOG EH WKH SURGXFW RI WZR Sb�VWURQJ� S��VWURQJ
SULPHV S DQG T� WR SUHYHQW Q IURP EHLQJ IDFWRUHG HDVLO\ E\ D S�� RU D Sb� PHWKRG� :LOOLDPV
QRWHV� KRZHYHU� WKDW ?LI S DQG T DUH ODUJH HQRXJK DQG VHOHFWHG DW UDQGRP� ZH VKRXOG H[SHFW
>WKLV SURSHUW\@ ZRXOG DXWRPDWLFDOO\ KROG��

��



,Q ���� +HOOPDQ DQG %DFK >��@ UHFRPPHQGHG WKDW S� b � FRQWDLQ D ODUJH SULPH IDFWRU
�ZKLFK ZH ZRXOG FDOO S�b�� 7KH\ GR QRW� KRZHYHU� JLYH D MXVWLnFDWLRQ IRU WKLV UHFRPPHQGD�
WLRQ�

-DPQLJ >��@ VWXGLHV WKH %HUNRYLWV >�@ DWWDFN� DQG UHFRPPHQGV WKDW Db EH VPDOO �RQ WKH
RUGHU RI ORJ�S�� DQG WKDW Eb �WKH FRIDFWRU RI Tb LQ Tb�� EH VLPLODUO\ VPDOO� 2Q WKH EDVLV RI KLV
DQDO\VLV KH FRQFOXGHV WKDW *RUGRQ
V SURFHGXUH LV OLNHO\ WR \LHOG NH\V WKDW DUH YXOQHUDEOH WR D
F\FOLQJ DWWDFN VLQFH LW SURGXFHV D ODUJH YDOXH IRU Db� �:H GLVDJUHH ZLWK KLV FRQFOXVLRQ_WKH
PRVW KH FDQ VD\ LV WKDW KLV SURRI WHFKQLTXH LV LQVXpFLHQW WR SURYH *RUGRQ
V PHWKRG VHFXUH�
QRW WKDW KLV SURRI WHFKQLTXH GHPRQVWUDWHV WKDW *RUGRQ
V PHWKRG LV LQVHFXUH�� -DPQLJ DOVR
GLVDJUHHV ZLWK WKH UHIHUHH
V VXJJHVWLRQ WKDW /HQVWUD
V HOOLSWLF FXUYH PHWKRG PDNHV XVLQJ
VWURQJ SULPHV LUUHOHYDQW DV D PHDQV RI SURWHFWLQJ DJDLQVW IDFWRULQJ DWWDFNV� �7KH nUVW DXWKRU
VXSSRVHV KH VKRXOG DGPLW WKDW KH ZDV WKH UHIHUHH� WKLV SDSHU oHVKHV RXW KLV HDUOLHU VXJJHVWLRQ
WR -DPQLJ��

0RVW UHFHQWO\� WKH ;���� VWDQGDUGV FRPPLWWHH KDV SXEOLVKHG D GUDIW VWDQGDUG >��@ UHF�
RPPHQGLQJ WKH XVH RI VWURQJ SULPHV� 7KHLU PRWLYDWLRQ IRU WKLV UHFRPPHQGDWLRQ LV *RUGRQ
V
DUWLFOH >��@� ZKLFK UHIHUHQFHV .QXWK >��@ DQG 5LYHVW HW DO� >��@ DV MXVWLnFDWLRQ� :H UHPDUN
WKDW ERWK RI WKHVH UHIHUHQFHV KDYH EHHQ PDGH REVROHWH E\ PRUH UHFHQW IDFWRULQJ DOJRULWKPV�

� 6WURQJ .H\V

,Q DGGLWLRQ WR UHTXLUHPHQWV IRU ?VWURQJ� SULPHV LQ WKH OLWHUDWXUH� WKHUH KDYH DOVR DSSHDUHG
UHTXLUHPHQWV IRU FRQVWUXFWLQJ ?VWURQJ� NH\V� 7ZR RI WKH ROGHU IDFWRULQJ PHWKRGV� RQH GDWLQJ
EDFN WR )HUPDW� DQG WKH RWKHU WR ���� E\ 5� 6KHUPDQ /HKPDQ� DWWHPSW WR IDFWRU D QXPEHU
E\ UHSUHVHQWLQJ LW DV WKH >SHUKDSV ZHLJKWHG@ GLmHUHQFH RI WZR VTXDUHV� 7KHVH DWWDFNV VXFFHHG
DQ\ WLPH WKH GLmHUHQFH EHWZHHQ WKH WZR SULPHV FRPSULVLQJ WKH NH\ LV YHU\ VPDOO� RU ZKHQ
WKHLU UDWLR LV YHU\ FORVH WR WKH UDWLR RI WZR VPDOO LQWHJHUV�

,I WKH UDWLR RI WKH WZR SULPHV S T LV YHU\ QHDU D E ZKHUH D DQG E DUH VPDOO LQWHJHUV�
WKHQ WKH DPRXQW RI ZRUN QHHGHG WR IDFWRU ST LV DSSUR[LPDWHO\ DT � ES b �SDEST� (YHQ
LI S DQG T DUH YHU\ QHDUO\ LGHQWLFDO �VD\ WKHLU ��� PRVW VLJQLnFDQW ELWV DUH LGHQWLFDO�� WKH
DPRXQW RI ZRUN QHHGHG LV LQ H[FHVV RI ���� z ���� FRPSXWHU RSHUDWLRQV� ,W ZRXOG WDNH ����

�����0,36 FRPSXWHUV DERXW ������� \HDUV WR GR WKLV FRPSXWDWLRQ� 7KH SUREDELOLW\ WKDW
UDQGRPO\ FKRVHQ S DQG T PDWFK WR WKH nUVW N ELWV LV ��bN� �VLQFH WKH nUVW ELW LV DOZD\V ���
'LmHUHQW YDOXHV RI D DQG E JLYH VLPLODU UHVXOWV�

� 6WURQJ SULPHV DV D SURWHFWLRQ DJDLQVW IDFWRULQJ

7KH nUVW DWWDFN WKDW D FU\SWDQDO\VW PLJKW DWWHPSW WR PRXQW DJDLQVW DQ LQVWDQFH RI WKH
56$ FU\SWRV\VWHP LV D IDFWRULQJ DWWDFN� 7R IDFWRU D QDWXUDO QXPEHU Q LV WR SURGXFH D
FRPSOHWH OLVW RI LWV SULPH IDFWRUV� 7R VSOLW D QDWXUDO QXPEHU Q LV WR SURGXFH WZR QDWXUDO
QXPEHUV� QHLWKHU RI ZKLFK LV � RU Q� ZKRVH SURGXFW LV Q� :KHQ Q LV WKH SURGXFW RI H[DFWO\
WZR SULPHV� WKH QRWLRQV RI IDFWRULQJ Q DQG VSOLWWLQJ Q DUH HTXLYDOHQW� 6WULFWO\ VSHDNLQJ� PRVW
?IDFWRULQJ� DOJRULWKPV DUH UHDOO\ ?VSOLWWLQJ� DOJRULWKPV� EXW D VSOLWWLQJ DOJRULWKP FDQ EH
DSSOLHG UHFXUVLYHO\ WR \LHOG D IDFWRULQJ DOJRULWKP�

��



,W XVHIXO WR LQWURGXFH WKH QRWLRQ RI ?VPRRWKQHVV�� :H VD\ WKDW [ LV D SULPH�SRZHU IDFWRU
RI Q LI [ GLYLGHV Q DQG [  SN IRU VRPH SULPH S DQG LQWHJHU N� :H VD\ WKDW Q LV %�VPRRWK LI
DOO RI LWV SULPH�SRZHU IDFWRUV DUH OHVV WKDQ WKH IDFWRU�ERXQG %�

7KHUH DUH PDQ\ IDFWRULQJ DOJRULWKPV DYDLODEOH IRU DQ HQHP\ FU\SWDQDO\VW WR XVH LQ DQ
DWWHPSW WR IDFWRU D SXEOLF PRGXOXV Q� 7KH HpFLHQF\ RI WKHVH DOJRULWKPV FDQ GHSHQG RQ
PDQ\ WKLQJV� %URDGO\ VSHDNLQJ� ZH FDQ FODVVLI\ DOJRULWKPV LQWR WKUHH FDWHJRULHV DFFRUGLQJ
WR ZKDW WKH UXQQLQJ WLPH RI WKH DOJRULWKP GHSHQGV XSRQ� :H DVVXPH WKDW WKH QXPEHU WR
EH IDFWRUHG LV Q  ST� ZKHUH S DQG T DUH SULPH�

�� $OJRULWKPV ZKRVH UXQQLQJ WLPH GHSHQGV PDLQO\ RQ WKH VL]H RI Q� 7KH PRVW QRWDEOH
DOJRULWKPV LQ WKLV FODVV DUH WKH TXDGUDWLF VLHYH DOJRULWKP >��@ DQG WKH JHQHUDO QXPEHU
nHOG VLHYH >��@�

�� $OJRULWKPV ZKRVH UXQQLQJ WLPH GHSHQGV RQ WKH VL]H RI S DQG WKH VL]H RI T� 7KHVH
DOJRULWKPV DUH SDUWLFXODUO\ JRRG DW IDFWRULQJ QXPEHUV ZKHQ RQH RI S RU T LV VPDOO� 7KH
QDLYH KHXULVWLF RI WULDO GLYLVLRQ DQG 3ROODUG
V ?UKR� KHXULVWLF >��@ DUH PHPEHUV RI WKLV
FODVV� /HQVWUD
V HOOLSWLF FXUYH PHWKRG >��@ LV WKH PRVW QRWDEOH DOJRULWKP LQ WKLV FODVV�

�� $OJRULWKPV ZKRVH UXQQLQJ WLPH GHSHQGV RQ WKH VL]H RI Sb� Sbb� RU S� �RU RI Tb� Tbb�
RU T��� 7KH S b � DQG S � � PHWKRGV RI IDFWRULQJ DUH WKH PRVW QRWDEOH PHPEHUV RI
WKLV FODVV�

�� $OJRULWKPV ZKRVH UXQQLQJ WLPH GHSHQGV RQ WKH CFORVHQHVV
 RI S DQG T )HUPDW
V PHWKRG
>��@ DQG /HKPDQ
V PHWKRG >��@ IDOO LQWR WKLV FDWHJRU\�

$W WKH PRPHQW� IRU IDFWRULQJ ODUJH QXPEHUV WKH PRVW HmHFWLYH DOJRULWKPV VHHP WR EH
/HQVWUD
V HOOLSWLF FXUYH PHWKRG >��@� >��@� ZKLFK LV HVSHFLDOO\ JRRG LI WKH QXPEHU KDV VPDOO
SULPH IDFWRUV� 3RPHUDQFH
V TXDGUDWLF VLHYH PHWKRG� DQG WKH QXPEHU nHOG VLHYH� >��@� >��@�
:KLOH WKH QXPEHU nHOG VLHYH LV DV\PSWRWLFDOO\ IDVWHU WKDQ WKH TXDGUDWLF VLHYH� ZKHQ LW ZDV
nUVW LQWURGXFHG LW ZDV WKRXJKW WKDW LW GLG QRW EHFRPH IDVWHU WKDQ 46 XQWLO EHWZHHQ ���
DQG ��� GHFLPDO GLJLWV� 0RUH UHFHQW ZRUN E\ 0RQWJRPHU\ DQG +XL]LQJ KDV VKRZQ WKDQ WKH
FURVVRYHU SRLQW LV VRPHZKHUH EHWZHHQ ��� DQG ��� GHFLPDO GLJLWV >��@� DOWKRXJK WKH H[DFW
FURVVRYHU SRLQW ZLOO DOZD\V EH PDFKLQH DQG LPSOHPHQWDWLRQ GHSHQGHQW�

:H EHJLQ ZLWK D UHYLHZ RI WKH IDFWRULQJ DWWDFNV WKDW PRWLYDWH WKH UHFRPPHQGDWLRQ IRU
VWURQJ SULPHV� EHJLQQLQJ ZLWK D UHYLHZ RI WKH ?S b � PHWKRG� RI 3ROODUG >��@� :H WKHQ
UHYLHZ WKH JHQHUDOL]DWLRQV RI WKH Sb� PHWKRG� WKH S�� PHWKRG DQG /HQVWUD
V HOOLSWLF FXUYH
PHWKRG�

��� 3ROODUG
V Sb � 0HWKRG IRU )DFWRULQJ

3ROODUG
V Sb� PHWKRG >��@ LV WKH VWDQGDUG MXVWLnFDWLRQ IRU UHFRPPHQGLQJ WKH XVH RI Sb�VWURQJ
SULPHV�

7KH KHDUW RI 3ROODUG
V Sb� PHWKRG LV D WHFKQLTXH IRU VSOLWWLQJ D JLYHQ FRPSRVLWH QXPEHU
Q WKDW LV GLYLVLEOH E\ DW OHDVW WZR GLVWLQFW SULPHV� XVLQJ DQ\ JLYHQ PXOWLSOH P RI S b �� IRU
VRPH SULPH IDFWRU S RI Q� 7KH SUHVHQWDWLRQ KHUH IROORZV WKH PRUH PRGHUQ SUHVHQWDWLRQ RI
%DFK HW DO� >�@�

��



+RZ FDQ RQH REWDLQ D PXOWLSOH P RI Sb �" 6XSSRVH WKDW S LV ?ZHDN� LQ WKH VHQVH WKDW
S b � LV %��VPRRWK� IRU D VXLWDEO\ VPDOO IDFWRU�ERXQG %�� $OWKRXJK ZH GRQ
W NQRZ %�� ZH
FDQ SHUKDSV EH OXFN\ DQG JXHVV D VXLWDEOH YDOXH IRU %� �VD\� ��

��� 7KHQ LI ZH OHW P EH WKH
SURGXFW RI DOO SULPH SRZHUV OHVV WKDQ %�� ZH KDYH WKDW P LV D PXOWLSOH RI Sb ��
*LYHQ D PXOWLSOH P RI S b �� WKH IROORZLQJ PHWKRG FDQ QRZ EH XVHG WR VSOLW WKH RGG

QXPEHU Q�

�� &KRRVH DQ HOHPHQW D DW UDQGRP IURP =e
Q

 I�� �� � � � � Qb �J�
�� &RPSXWH G  JFG�D� Q�� ,I G ! �� UHSRUW WKDW G LV D IDFWRU RI Q DQG KDOW�

�� &RPSXWH [  DPQ PRG Q�

�� &RPSXWH G  JFG�[b �� Q�� ,I G ! �� UHSRUW WKDW G LV D IDFWRU RI Q DQG KDOW�

�� ,I [  � DQG P LV HYHQ� VHW P � P � DQG UHWXUQ WR VWHS ��

�� 5HSRUW IDLOXUH WR nQG D IDFWRU� +DOW�

%DFK HW DO� SURYH WKDW WKLV DOJRULWKP KDV D ��� FKDQFH RI SLFNLQJ DQ D WKDW FDXVHV Q WR EH
VSOLW� %\ UXQQLQJ WKLV DOJRULWKP VHYHUDO WLPHV� WKHQ� ZH DUH YLUWXDOO\ FHUWDLQ RI VSOLWWLQJ Q�

7KH UHDVRQ ZK\ S b � LV VSHFLDO LV WKDW S b � LV WKH VL]H RI WKH PXOWLSOLFDWLYH JURXS =e
S

PRGXOR S� &RPSXWLQJ D SRZHU RI D LQ VWHS � LV GRQH PRGXOR Q� EXW WKH UHVXOW LV DOVR FRUUHFW
PRGXOR S E\ WKH &KLQHVH UHPDLQGHU WKHRUHP� 6LQFH DSb� s � �PRG S� IRU DOO D � =e

S

� ZH VHH
WKDW VWHS � LV OLNHO\ WR UHWXUQ S DV D IDFWRU RI Q�

$ VHFRQG ?))7� VWDJH RI WKH DOJRULWKP� DOVR GXH WR 3ROODUG >��@� HQDEOHV WKH PHWKRG WR
IDFWRU Q LI S b � FRQWDLQV D VLQJOH SULPH IDFWRU Sb EHWZHHQ %� DQG VRPH VHFRQG ERXQG %��
ZKHUH %� !! %�� DQG LI DOO RWKHU SULPH IDFWRUV RI Sb � DUH OHVV WKDQ %�� )RU H[DPSOH� ZH
PLJKW KDYH %�  ��

� DQG %�  ��
��� 7KH DSSURDFK� LQ LWV PRVW HmHFWLYH IRUP� PDNHV XVH RI

WKH )DVW )RXULHU 7UDQVIRUP� 0RQWJRPHU\ DQG 6LOYHUPDQ >��@ GHPRQVWUDWH WKH SUDFWLFDOLW\ RI
XVLQJ D YDULDQW RI WKH VHFRQG VWDJH WKDW LPSOHPHQWV WKH ))7 XVLQJ UHVLGXH DULWKPHWLF� EXW
QRWH WKDW ?RQ DYHUDJH WKH (OOLSWLF &XUYH DOJRULWKP ZLOO VWLOO EH PRUH HmHFWLYH WKDQ WKH Sb �
DOJRULWKP� HYHQ ZLWK RXU HQKDQFHPHQWV��

��� 7KH S� � 0HWKRG IRU )DFWRULQJ

$ YDULDWLRQ RQ WKH S b � PHWKRG� FDOOHG WKH ?S � � PHWKRG�� KDV EHHQ GHVFULEHG LQ ����
E\ *X\ >��@� ZKR DWWULEXWHV WKH LGHD WR -� +� &RQZD\� DQG LQ ���� E\ :LOOLDPV >��@� 8VLQJ
/XFDV VHTXHQFHV LQVWHDG RI UDLVLQJ WR ODUJH SRZHUV DOORZV RQH WR IDFWRU Q LI S� � LV VPRRWK�
%DFK HW DO� >�@ JLYH DQ DOWHUQDWLYH LQWHUSUHWDWLRQ RI WKLV PHWKRG DV WKH DQDORJXH RI WKH Sb �
PHWKRG� ZRUNLQJ QRZ RYHU *) e�S��� WKH PXOWLSOLFDWLYH JURXS LQ WKH H[WHQVLRQ nHOG RI GHJUHH
WZR RYHU *) �S�� UDWKHU WKDQ RYHU =e

S

� 7KH S � � PHWKRG PRWLYDWHV WKH XVH RI S��VWURQJ
SULPHV� VLQFH LI S� � LV VPRRWK WKHQ Q FDQ EH HDVLO\ IDFWRUHG� 7KH ))7 VHFRQG VWDJH RI WKH
S b � DOJRULWKP JHQHUDOL]HV WR WKH S � � DOJRULWKP DV ZHOO� VHH 0RQWJRPHU\ DQG 6LOYHUPDQ
>��@ IRU GHWDLOV�

��



��� 7KH (OOLSWLF &XUYH 0HWKRG IRU )DFWRULQJ

,Q ���� +HQGULN :� /HQVWUD� -U�� GLVFRYHUHG D IDFWRULQJ DOJRULWKP >��@ WKDW XSVHW DOO RI
WKH SUHYLRXV ZLVGRP DERXW ?VWURQJ SULPHV�� 6WHSKHQV >��@ JLYHV DQ DOWHUQDWLYH H[SRVLWLRQ
RI WKLV PHWKRG� DQG 0RQWJRPHU\ >��@� >��@ GHVFULEHV VRPH LPSOHPHQWDWLRQ GHWDLOV DQG LP�
SURYHPHQWV� )RU DGGLWLRQDO EDFNJURXQG� QRWH WKDW .REOLW] >��@� .DOLVNL >��@ DQG 0LOOHU >��@
SURSRVH VRPH ZD\V WKDW HOOLSWLF FXUYHV FDQ EH XVHIXO LQ FU\SWRJUDSK\�

%DVHG RQ ?HOOLSWLF FXUYHV�� WKLV PHWKRG JHQHUDOL]HV WKH S b � PHWKRG HYHQ IXUWKHU� E\
UHSODFLQJ WKH PXOWLSOLFDWLYH JURXS PRGXOR S ZLWK WKH JURXS RI SRLQWV RQ D UDQGRP HOOLSWLF
FXUYH ( GHnQHG PRGXOR S�

6SHFLnFDOO\� DQ HOOLSWLF FXUYH (
D�E

LV GHnQHG �PRGXOR S� E\ WZR YDOXHV D DQG E VXFK WKDW

�D� � ��E� �s � �PRG S� � ����

7R GHnQH WKH FXUYH� ZH nUVW GHnQH DQ HTXLYDOHQFH UHODWLRQ RQ WKH VHW =�

S

b I��� �� ��J RI
WULSOHV RI YDOXHV IURP =

S

� QRW DOO ]HUR� E\ VD\LQJ WKDW �[� \� ]� LV HTXLYDOHQW WR �[�� \�� ]�� LI
WKHUH H[LVWV D QRQ]HUR F VXFK WKDW [ s F[� �PRG S�� \ s F\� �PRG S�� DQG ] s F]� �PRG S��
7KH HTXLYDOHQFH FODVV RI �[� \� ]� LV GHQRWHG �[ � \ � ]�� 7KH HOOLSWLF FXUYH LV WKHQ WKH VHW RI
SRLQWV

(
D�E

 I�[ � \ � ]� � \�] s [� � D[]� � E]� �PRG S�J �

,W LV SRVVLEOH WR GHnQH D ELQDU\ RSHUDWLRQ j RQ (
D�E

VR WKDW �(
D�E

�j� IRUPV DQ DEHOLDQ JURXS�
DQDORJRXV WR PXOWLSOLFDWLRQ PRGXOR S� �'HWDLOV DUH RPLWWHG LQ WKLV SDSHU� VHH /HQVWUD >��@��

/HQVWUD
V PHWKRG FDQ EH YLHZHG DV D JHQHUDOL]DWLRQ RI 3ROODUG
V S b � PHWKRG� ZKHUH
WKH RSHUDWLRQV DUH QRZ WDNLQJ SODFH LQ WKH HOOLSWLF FXUYH JURXS �(

D�E

�j� UDWKHU WKDQ WKH
PXOWLSOLFDWLYH JURXS �=

S

� c� PRGXOR S� $V D UHVXOW� WKH FULWLFDO SDUDPHWHU QRZ EHFRPHV M(
D�E

M
UDWKHU WKDQ

nnn=e
S

nnn  Sb ��
,QWHUHVWLQJO\� WKH VL]H M(

D�E

M GHSHQGV QRW RQO\ RQ S� EXW DOVR RQ D DQG E� ,I D DQG E DUH
FKRVHQ IURP =

S

� WKHQ M(
D�E

M VDWLVnHV
S� �b �SS � M(

D�E

M � S� � � �
S
S �

,I D DQG E DUH FKRVHQ DW UDQGRP IURP =
S

VDWLVI\LQJ ����� WKHQ WR D nUVW DSSUR[LPDWLRQ� M(
D�E

M
FDQ WDNH RQ PRUH RU OHVV DQ\ YDOXH LQ WKLV UDQJH �VHH /HQVWUD >��@ IRU DQ DFFXUDWH GLVFXVVLRQ��

6LQFH M(
D�E

M LV QRZ D UDQGRP YDULDEOH� KRZHYHU� RQH FDQ UHSHDWHGO\ FKRRVH QHZ HOOLSWLF
FXUYHV (

D�E

E\ FKRRVLQJ QHZ YDOXHV IRU D DQG E XQWLO D FXUYH LV IRXQG VXFK WKDW M(
D�E

M LV
VPRRWK� 2QH FDQ QRW GR WKLV ZLWK 3ROODUG
V PHWKRG_LI Sb � LV QRW VPRRWK \RX DUH VWXFN�
1RZ� KRZHYHU� WKH IDFWRUHU FDQ JHQHUDWH FXUYHV XQWLO KH DFKLHYHV VXFFHVV� 7KH IDFW WKDW Sb�
PD\ KDYH D ODUJH SULPH IDFWRU GRHV QRW GHWHU KLP� +H ZLOO FRQWLQXH WR JHQHUDWH HOOLSWLF FXUYHV
XQWLO KH nQGV RQH ZKRVH VL]H M(

D�E

M LV VPRRWK�
/HW

/�Q�  H
S
OQQ OQ OQQ �

7KHQ /HQVWUD HVWLPDWHV WKDW WKH UXQQLQJ WLPH RI WKH HOOLSWLF FXUYH PHWKRG RQ DQ LQSXW Q�
ZKHUH S LV WKH VPDOOHVW SULPH IDFWRU RI Q� LV

/�S�
S
� �

��



7KXV WKLV PHWKRG LV SDUWLFXODUO\ JRRG DW nQGLQJ VPDOO SULPH IDFWRUV� EXW LV DOVR DV\PSWRWL�
FDOO\ RQH RI WKH IDVWHVW IDFWRULQJ DOJRULWKPV NQRZQ IRU DUELWUDU\ QXPEHUV�

0RQWJRPHU\� LQ KLV GRFWRUDO WKHVLV� SUHVHQWHG D YHU\ HmHFWLYH IRUP RI ))7
V WKDW ZRUNV
ZLWK WKH VHFRQG VWDJH RI (&0 >��@� ZKLFK LV PXFK EHWWHU WKDQ WKH LQHpFLHQW DSSURDFK
VXJJHVWHG LQ >��@�

7KXV ZH VHH WKDW LW LV XVHOHVV WR SURWHFW DJDLQVW IDFWRULQJ DWWDFNV E\ EXLOGLQJ LQ ODUJH
SULPH IDFWRUV LQWR Sb� RU S��� VLQFH WKH HQHP\ FU\SWDQDO\VW FDQ LQVWHDG DWWHPSW WR nQG DQ
HOOLSWLF FXUYH (

D�E

VXFK WKDW M(
D�E

M LV VPRRWK� 7KH FU\SWRJUDSKHU KDV QR FRQWURO RYHU ZKHWKHU
M(

D�E

M LV VPRRWK RU QRW� VLQFH WKLV LV HVVHQWLDOO\ D UDQGRP QXPEHU DSSUR[LPDWHO\ HTXDO WR S�
2QO\ E\ PDNLQJ S VXpFLHQWO\ ODUJH FDQ KH DGHTXDWHO\ SURWHFW DJDLQVW VXFK DQ DWWDFN�

7KH UHDGHU VKRXOG QRW PLVLQWHUSUHW WKLV FRQFOXVLRQ WR PHDQ WKDW WKH HOOLSWLF FXUYH IDFWRU�
L]DWLRQ PHWKRG LV D XVHIXO DWWDFN DJDLQVW WKH 56$ FU\SWRV\VWHP� ,Q IDFW� WKH HOOLSWLF FXUYH
IDFWRUL]DWLRQ PHWKRG LV QRW YHU\ HpFLHQW ZKHQ XVHG DJDLQVW QXPEHUV RI WKH VRUW XVHG LQ
56$ FU\SWRWV\VWHPV� %XW WKHQ� QHLWKHU LV WKH S b � PHWKRG YHU\ HpFLHQW� ZKLFK KDV EHHQ
SURSRVHG DV D MXVWLnFDWLRQ IRU XVLQJ VWURQJ SULPHV� 7KH SRLQW LV WKDW LI WKH FU\SWRJUDSKHU
DWWHPSWV WR DYRLG D S b � DWWDFN E\ XVLQJ VWURQJ SULPHV� WKHQ WKH DGYHUVDU\ FDQ PHUHO\
VZLWFK WR DQ HOOLSWLF FXUYH IDFWRUL]DWLRQ PHWKRG� ZKLFK KDV JUHDWHU HpFLHQF\ �EHFDXVH LW FDQ
UXQ LQ SDUDOOHO� � LQGHSHQGHQW RI ZKHWKHU Sb � LV D VWURQJ SULPH RU QRW� &KRRVLQJ D VWURQJ
SULPH LV OLNH ORFNLQJ RQH GRRU� EXW OHDYLQJ WKH RWKHUV XQORFNHG� &KRRVLQJ ODUJH SULPHV LV OLNH
ORFNLQJ DOO WKH GRRUV�

��� &ODVV *URXS IDFWRULQJ PHWKRGV

'XULQJ WKH ����
V WKHUH ZHUH D QXPEHU RI DOJRULWKPV SURSRVHG IRU IDFWRULQJ ZKLFK GHSHQGHG
XSRQ VPRRWKQHVV SURSHUWLHV RI \HW DQRWKHU JURXS� NQRZQ DV WKH &ODVV *URXS� 7KH WHFKQLFDO
GHWDLOV DUH EH\RQG WKH VFRSH RI WKLV SDSHU� KRZHYHU ZH JLYH D EULHI VNHWFK RI WKH LGHDV EHKLQG
WKH PHWKRGV EHFDXVH WKH\ JLYH \HW DQRWKHU UHDVRQ ZK\ ?VWURQJ SULPHV� DUH REVROHWH�

,I RQH FRQVLGHUV WKH TXDGUDWLF nHOG 4�
SbN1� IRU VRPH VPDOO LQWHJHU N� WKHUH H[LVWV

D JURXS DVVRFLDWHG ZLWK WKLV nHOG NQRZQ DV WKH &ODVV *URXS� $Q DOJRULWKP E\ 6FKQRUU
DQG /HQVWUD >��@ DQG ODWHU LPSURYHG DQG LPSOHPHQWHG E\ $WNLQ DQG 5LFNHUW ZLOO VXFFHHG LQ
IDFWRULQJ 1 LI WKH &ODVV *URXS LV VPRRWK� ,W EDVLFDOO\ DSSOLHV WKH Sb � PHWKRG E\ UHSODFLQJ
WKH PXOWLSOLFDWLYH JURXS PRG S� ZLWK WKH &ODVV *URXS� +RZHYHU� DV RQH FDQ YDU\ N� RQH JHWV
PXOWLSOH FKRLFHV RI JURXSV DV ZLWK (&0� DQG LQ IDFW WKLV PHWKRG KDV WKH VDPH DV\PSWRWLF
UXQ WLPH DV (&0� :KLOH RQH FDQ JHW OXFN\� DV ZLWK S h �� WKLV DOJRULWKP KDV QRW SURYHG
HmHFWLYH IRU NH\V PXFK EH\RQG �� GHFLPDO GLJLWV�

1HYHUWKHOHVV� WKHUH LV QR ZD\ WR JXDUG DJDLQVW WKH &ODVV *URXS EHLQJ VPRRWK E\ VSH�
FLDO FRQVWUXFWLRQ RI WKH SULPHV ZKLFK IRUP WKH PRGXOXV� 2QH FDQ RQO\ JXDUG DJDLQVW WKLV
DOJRULWKP E\ FKRRVLQJ WKH SULPHV WR EH VXpFLHQWO\ ODUJH�

��� 3UREDELOLW\ RI VXFFHVV RI VSHFLDO PHWKRGV

5HIHUHQFHV >��@ DQG >��@ GLVFXVV LQ GHWDLO WKH SUDFWLFDO FRPSXWLQJ OLPLWV RI (&0 DQG Sh ��
7KLV VHFWLRQ VXPPDUL]HV WKRVH UHVXOWV� :H JLYH WKH SUREDELOLW\ RI VXFFHVV IRU WKHVH PHWKRGV
RQ ����ELW SULPHV ����� ELW NH\V� IRU YDULRXV OHYHOV RI HmRUW� 7LPHV DUH JLYHQ LQ KRXUV IRU D
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0,36�5����� FRPSXWHU� $V PHQWLRQHG EHIRUH� ERWK Sh � DQG (&0 DUH ��VWHS DOJRULWKPV�
,Q WKH nUVW VWHS RQH KRSHV WKDW WKH RUGHU RI WKH UHOHYDQW JURXS LV VPRRWK XS WR D OLPLW %��
,Q WKH VHFRQG VWHS RQH DOORZV WKDW WKH RUGHU RI WKH JURXS LV GLYLVLEOH E\ D VLQJOH� ODUJHU
SULPH 3 � ZKHUH %� � 3 �� %�� ,W LV LPSRUWDQW WR QRWH WKDW WKH nUVW VWHS RI WKH S h �
DOJRULWKPV LV LQKHUHQWO\ VHULDO� ZKLOH (&0 PD\ EH UXQ LQ SDUDOOHO E\ JLYLQJ VHSDUDWH FXUYHV
WR GLmHUHQW PDFKLQHV� 2QH FDQ WKHUHIRUH LQFUHDVH WKH FKDQFH RI VXFFHVV IRU S h � RQO\ E\
LQFUHDVLQJ HODSVHG WLPH� ZKLOH RQH FDQ LQFUHDVH WKH FKDQFH RI VXFFHVV IRU (&0 E\ LQFUHDVLQJ
WKH QXPEHU RI PDFKLQHV� 7KH WDEOH EHORZ JLYHV %� WKH VWHS�� ERXQG IRU ERWK WKH Sh � DQG
(&0 DOJRULWKPV� ,W WKHQ JLYHV WKH WLPH UHTXLUHG WR H[HFXWH WKH DOJRULWKP IRU Sh � DQG IRU
D VLQJOH (OOLSWLF &XUYH� 7KH QH[W FROXPQ JLYHV WKH SUREDELOLW\ RI VXFFHVV IRU S h � RU IRU
(&0 ZLWK D VLQJOH FXUYH �WKH SUREDELOLWLHV DUH WKH VDPH�� )LQDOO\� WKH ODVW FROXP JLYHV WKH
SUREDELOLW\ RI VXFFHVV LI RQH ZHUH WR UXQ ���� (OOLSWLF &XUYHV LQ SDUDOOHO�

%� 3 h � 7LPH (&0 7LPH 3URE�6XFFHVV� (&0 Z� ���� &XUYHV
��� �� ��� �d ��b�� �d ��b��

��� � �� �d ��b�� �d ��b��

��� �� ��� �d ��b�� �d ��b��

���� ��� ���� �d ��b�� �d ��b��

���� ���� ����� �d ��b�� �d ��b��

���� ����� ������ �d ��b�� �d ��b��

,W VKRXOG DOVR EH QRWHG WKDW IRU (&0� RQH FDQ VSHQG D n[HG DPRXQW RI WLPH E\ ORZHULQJ
%� DQG LQFUHDVLQJ WKH QXPEHU RI FXUYHV SURSRUWLRQDOO\� )RU QXPEHUV WKDW DUH ZLWKLQ SUDFWLFDO
FRPSXWLQJ UDQJH RI WKLV PHWKRG �VD\ �� GHFLPDO GLJLWV� LW RIWHQ PDNHV VHQVH WR GR WKLV�
+RZHYHU� IRU ����ELW SULPHV� LW GRHV QRW PDNH PRUH VHQVH WR ORZHU %� DQG UXQ PRUH FXUYHV
XQWLO %� UHDFKHV DERXW ���� DQG WKLV LV ZD\ EH\RQG FRPSXWLQJ UDQJH�

$V LQGLFDWHG E\ WKH WDEOH� LW WDNHV DERXW ��� KRXUV WR UXQ VWHS � WR ���� (&0 SHUIRUPV
DSSUR[LPDWHO\ OLNH DQ 2�S� �� DOJRULWKP IRU IDFWRUV WKDW DUH ZLWKLQ UHDFK RI HYHQ H[WUDRU�
GLQDU\ FRPSXWHU IDFLOLWLHV >��@� 7KH FRVW WR nQG D ����ELW IDFWRU ZLWK SUREDELOLW\ �� b � H�
LV DERXW ���� FXUYHV ZLWK VWHS � OLPLW RI ��� d ���� $ VLQJOH FXUYH FDQ EH UXQ LQ DERXW
��� KRXU RQ D 0,36�5������ 2QH FDQ WKHUHIRUH nQG D ����ELW IDFWRU RI D �����ELW PRGXOXV
ZLWK SUREDELOLW\ DERXW ��� ZLWK DERXW ���� VXFK PDFKLQHV UXQQLQJ LQ SDUDOOHO� 'RXEOLQJ WKH
QXPEHU RI PDFKLQHV ZLOO LQFUHDVH WKH FKDQFH RI VXFFHVV WR DERXW ���� )LQGLQJ D ����ELW IDFWRU
ZLWK WKH VDPH SUREDELOLWLHV ZLOO WDNH DERXW ���� � z � d ��� PXFK ZRUN� )LQGLQJ D ����ELW
IDFWRU ZLOO WDNH DERXW ���� � z ���d ���� WLPHV DV PXFK ZRUN� 3XW DQRWKHU ZD\� LW ZLOO WDNH
� ELOOLRQ PDFKLQHV UXQQLQJ IRU ����d ���� \HDUV WR JLYH D ��� FKDQFH RI VXFFHVVIXOO\ IDFWRULQJ
D �����ELW PRGXOXV ZLWK (&0� 7KLV LV URXJKO\ WZLFH WKH DJH RI WKH XQLYHUVH�

6LQFH ����� WKH HQWLUH ZRUOGZLGH JURXS RI SHRSOH GRLQJ IDFWRULQJ KDV GLVFRYHUHG H[DFWO\
RQH �� GHFLPDO GLJLW SULPH IDFWRU ZLWK (&0� 7KLV ZRUN FRPSULVHV GR]HQV RI UHVHDUFKHUV
UXQQLQJ PDQ\ PLOOLRQV RI FXUYHV� ,W ZLOO WDNH DSSUR[LPDWHO\ �����b���� � z ���d���� WLPHV WKLV
WRWDO HmRUW WR JLYH D ��� FKDQFH RI IDFWRULQJ D �����ELW 56$ NH\ ZLWK (&0� 7KH FRQFOXVLRQ
WKDW LV HDVLO\ UHDFKHG IURP WKLV GDWD LV WKDW �����ELW 56$ PRGXOL DUH ZHOO EH\RQG WKH
FRPSXWLQJ UDQJH RI WKH Sh � DQG (&0 PHWKRGV ZLWKLQ WKH OLIHWLPH RI WKH XQLYHUVH�
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� 6WURQJ SULPHV DV SURWHFWLRQ DJDLQVW F\FOLQJ DWWDFNV

7KH RULJLQDO ?F\FOLQJ� DWWDFN LV GXH WR 6LPPRQV DQG 1RUULV >��@� DV QRWHG DERYH� *LYHQ D
FLSKHUWH[W &  0 H PRG Q� WKH FU\SWDQDO\VW UHSHDWHGO\ UH�HQFU\SWV WKH FLSKHUWH[W XQWLO & LV
DJDLQ REWDLQHG� ,I N UH�HQFU\SWLRQV DUH SHUIRUPHG� WKHQ

&H

N s & �PRG Q� � ����

DQG VR
&H

Nb� s 0 �PRG Q� � ����

7KH JHQHUDOL]DWLRQ RI WKLV F\FOLQJ DWWDFN SURSRVHG E\ :LOOLDPV DQG 6FKPLG >��@ DQG
%HUNRYLWV >�@ LV DOZD\V DW OHDVW DV HpFLHQW DV WKH 6LPPRQV�1RUULV DWWDFN� ,Q WKH JHQHUDOL]HG
F\FOLQJ DWWDFN� UDWKHU WKDQ nQGLQJ WKH OHDVW N VXFK WKDW &H

N s & �PRG Q�� ZH ORRN IRU WKH
OHDVW X VXFK WKDW

JFG�Q� &H

X b &� ! � �

7\SLFDOO\� WKH JFG FRPSXWDWLRQ ZLOO UHWXUQ RQH RI WKH SULPH IDFWRUV RI Q� DQG ZH KDYH WKHUHE\
IDFWRUHG Q� ,Q WKH UDUH FDVH WKDW WKH JFG FRPSXWDWLRQ UHWXUQV Q� ZH FDQ VWLOO FRPSXWH 0 �
VLQFH LQ WKDW FDVH HTXDWLRQ ���� KROGV� 7KHUHIRUH WKH JHQHUDOL]HG DWWDFN VXFFHHGV ZKHQHYHU
WKH RULJLQDO DWWDFN ZRXOG KDYH VXFFHHGHG DQG� LQ IDFW� LW LV OLNHO\ WR VXFFHHG PXFK PRUH
TXLFNO\� VLQFH ZH DUH QRZ GHWHFWLQJ F\FOLQJ PRGXOR S �RU PRGXOR T� UDWKHU WKDQ F\FOLQJ
PRGXOR Q� ,QGHHG� HTXDWLRQ ���� LPSOLHV ERWK RI WKH HTXDWLRQV

&H

N s & �PRG S� ����

&H

N s & �PRG T� � ����

ZKHUHDV WKH JHQHUDOL]HG DWWDFN VXFFHHGV �DQG IDFWRUV Q� LI RQO\ RQH RI WKHVH FRQGLWLRQV KROGV�
,I WKHVH FRQGLWLRQV DUH PRUH�RU�OHVV LQGHSHQGHQW �D UHDVRQDEOH DVVXPSWLRQ� DQG HTXDOO\ OLNHO\�
WKHQ LI WKH RULJLQDO F\FOLQJ DWWDFN VXFFHHGV LQ WLPH 7 � WKHQ WKH JHQHUDOL]HG F\FOLQJ DWWDFN
ZLOO VXFFHHG LQ WLPH

S
7 � $QG� PRUHRYHU� LW W\SLFDOO\ VXFFHHGV E\ IDFWRULQJ Q� QRW MXVW

GHWHUPLQLQJ WKH PHVVDJH 0 � DV LQ WKH RULJLQDO DWWDFN�

6LQFH WKH JHQHUDOL]HG F\FOLQJ DWWDFN LV WKXV HVVHQWLDOO\ D IDFWRULQJ DWWDFN� RQH FDQ DUJXH
WKDW LW PXVW QRW EH YHU\ HmHFWLYH� RQ WKH JURXQGV WKDW LI LW ZHUH DQ HpFLHQW DWWDFN� WKHQ
SHRSOH ZRXOG EH XVLQJ LW DV D JHQHUDO�SXUSRVH IDFWRULQJ PHWKRG �ZKLFK WKH\ DUH QRW�� ,QGHHG�
WKLV DWWDFN LV HTXLYDOHQW WR WKH 3�� IDFWRULQJ DOJRULWKP ZLWK WKH FRQGLWLRQ WKDW DOO RI WKH
SULPH IDFWRUV RI Sb� DUH FRQWDLQHG LQ HNb�� 7KH 7DEOH LQ VHFWLRQ ��� GLVFXVVHG WKH OLNHOLKRRG
RI VXFFHVV RI WKH 3 b � PHWKRG� :KLOH WKLV LV SHUKDSV D VRXQG DUJXPHQW DJDLQVW WKH HpFDF\
RI WKHVH F\FOLQJ DWWDFNV� LW EHJV WKH TXHVWLRQ RI DQDO\]LQJ MXVW KRZ �LQ�HpFLHQW WKHVH DWWDFNV
DUH� ,Q WKH UHVW RI WKLV VHFWLRQ ZH SURYLGH D JURXS�WKHRUHWLF DQDO\VLV RI WKH HpFLHQF\ RI WKH
JHQHUDOL]HG F\FOLQJ DWWDFN�

(YHQ LQ WKH H[WUHPHO\ XQOLNHO\ HYHQW WKDW RQH RI S b � RU T b � KDV RQO\ VPDOO SULPHV
IDFWRUV� LW LV PXFK PRUH XQOLNHO\ WKDW ERWK KDYH RQO\ VPDOO IDFWRUV� 6XSSRVH U LV D PRGHUDWHO\
ODUJH SULPH H[DFWO\ GLYLGLQJ /&0�S b �� T b ��� :LWKRXW ORVV RI JHQHUDOLW\� DVVXPH WKDW U
GLYLGHV Sb � VR Sb �  5U� ,I U GLYLGHV RUG�H� PRG S� WKHQ WKH RUGHU RI H LV DXWRPDWLFDOO\
ODUJH DQG WKH DPRXQW RI FRPSXWDWLRQ QHHGHG WR HmHFW WKH F\FOLQJ DWWDFN LV EH\RQG UHDFK�
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6XSSRVH U GRHV QRW GLYLGH RUG�H� PRG w�1�� ,W IROORZV LPPHGLDWHO\ WKDW H PXVW EH DQ UWK

SRZHU PRG S� 7KLV IROORZV IURP /DJUDQJH
V 7KHRUHP� RUG�H� PXVW GLYLGH Sb�� DQG ZH KDYH
DVVXPHG WKDW U GLYLGHV S b � EXW U GRHV QRW GLYLGH RUG�H�� +HQFH H PXVW EH DQ UWK SRZHU
PRG S� 7KH QXPEHU RI VROXWLRQV WR DU  H PRG S LV DW PRVW U DQG WKH SUREDELOLW\ WKDW H LV
DQ UWK SRZHU LV DW PRVW U VR WKH SUREDELOLW\ WKDW H LV DQ UWK SRZHU LV DW PRVW U S� ,I U LV
DERXW ��� ELWV DQG S LV ��� ELWV� WKLV SUREDELOLW\ LV �b����

�� &RQFOXVLRQV

:H VHH WKDW WKH HOOLSWLF FXUYH PHWKRG RI IDFWRULQJ UHPRYHV DQ\ VSHFLDO VWDWXV WKDW S b � RU
S � � PD\ KDYH KDG EHFDXVH RI WKH S h � PHWKRGV RI IDFWRULQJ� 7KHUH LV QR DGYDQWDJH WR
WKH FU\SWRJUDSKHU LQ EXLOGLQJ ?VSHFLDO VWUXFWXUH� LQWR Sb � DQG S�� LQ WHUPV RI SURWHFWLRQ
DJDLQVW IDFWRULQJ DWWDFNV�

,I RQH H[SHQGV WKH VDPH OHYHO RI HmRUW ZLWK S h � DV ZDV VSHQW IDFWRULQJ 56$���� ZLWK
WKH 1XPEHU )LHOG 6LHYH �URXJKO\ �� \HDUV RQ D VLQJOH 6SDUF����� RQH FDQ WDNH VWHS � RI Sh �
WR DERXW ����� 7KH SUREDELOLW\ RI IDFWRULQJ D �����ELW PRGXOXV ZLWK WKLV OHYHO RI HmRUW LV
DERXW �d ��b��� )XUWKHUPRUH� WKLV ZRUN LV LQKHUHQWO\ VHULDO� LW FDQ QRW EH UXQ LQ SDUDOOHO� VR
ZKLOH 56$���� ZDV nQLVKHG LQ VHYHUDO PRQWKV E\ XVLQJ PDQ\ PDFKLQHV� WKH WLPH IRU Sh � LV
HODSVHG WLPH� :KLOH VWURQJ SULPHV SURWHFW DJDLQVW WKH S h � PHWKRGV� WKH\ GR QRW SURWHFW
DJDLQVW WKHLU JHQHUDOL]DWLRQ� WKH HOOLSWLF FXUYH PHWKRG� 8VLQJ VWURQJ SULPHV GRHVQ
W VHHP
WR EH KDUPIXO� H[FHSW IRU WKH H[WUD FRVW RI JHQHUDWLQJ WKHP� EXW XVLQJ WKHP GRHVQ
W VHHP
WR EX\ PXFK SURWHFWLRQ HLWKHU� 7KH RQO\ UHDO SURWHFWLRQ FRPHV IURP FKRRVLQJ ODUJH HQRXJK
SULPHV S DQG T�

$FWXDOO\� VRPH KDUP GRHV FRPH IURP WKH XVH RI ?VWURQJ� SULPHV� EXW LW KDV QRWKLQJ WR GR
ZLWK WKH HmHFWLYH VHFXULW\ RI NH\V WKDW XVH WKHP� ,QVWHDG� WKH KDUP FRPHV IURP WKH IDFW WKDW
WKH\ OHDG DQ XQVRSKLVWLFDWHG XVHU LQWR EHOLHYLQJ WKDW EHFDXVH WKH\ DUH ?VWURQJ� WKDW WKH\
DUH PRUH VHFXUH WKDQ NH\V WKDW DUH QRW ?VWURQJ�� L�H� WKDW DQ\ RWKHU NH\ PXVW EH ?ZHDN��

6LPLODUO\� ZH VHH WKDW VWURQJ SULPHV EX\ OLWWOH LI DQ\WKLQJ LQ WHUPV RI SURWHFWLRQ DJDLQVW
F\FOLQJ DWWDFNV� 7KH FKDQFH WKDW D F\FOLQJ DWWDFN ZLOO VXFFHHG LV QHJOLJLEOH� HYHQ LI WKH SULPHV
DUH FKRVHQ UDQGRPO\� )DFWRULQJ DWWDFNV KDYH D PXFK KLJKHU SUREDELOLW\ RI VXFFHVV�

7KH JLVW RI WKLV SDSHU LV WKXV WKDW VWURQJ SULPHV RmHU OLWWOH SURWHFWLRQ EH\RQG WKDW RmHUHG
E\ UDQGRP SULPHV� 2Q WKH RWKHU KDQG� DVLGH IURP WKH DGGLWLRQDO HmRUW UHTXLUHG WR JHQHUDWH
WKHP� WKHUH VHHPV WR EH QR WHFKQLFDO UHDVRQ QRW WR XVH VWURQJ SULPHV LI RQH VR GHVLUHV� %XW
ZH VHH QR UDWLRQDOH IRU UHTXLULQJ WKH XVH RI VWURQJ SULPHV LQ SXEOLF�NH\ 56$ VWDQGDUGV�

:H QRWH WKDW WKH WKH FRQFOXVLRQV LQ WKLV SDSHU UHoHFW WKH FXUUHQW VWDWH RI NQRZOHGJH DERXW
IDFWRULQJ� ,W LV HQWLUHO\ SRVVLEOH WKDW IXWXUH GHYHORSPHQWV PLJKW FKDQJH WKHVH FRQFOXVLRQV_LQ
HLWKHU GLUHFWLRQ� $ QHZ IDFWRULQJ DOJRULWKP PLJKW DJDLQ PDNH VWURQJ SULPHV VHHP GHVLUDEOH_
RU LW PLJKW PDNH VWURQJ SULPHV VHHP SDUWLFXODUO\ GDQJHURXV�

$FNQRZOHGJPHQWV

:H ZRXOG OLNH WR WKDQN %XUW .DOLVNL� +HQGULN /HQVWUD� -U�� 'DYH 0F$OOHVWHU� DQG *DU\ 0LOOHU

IRU KHOSIXO GLVFXVVLRQV�
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>�@ /� 0� $GOHPDQ� )DFWRULQJ QXPEHUV XVLQJ VLQJXODU LQWHJHUV� 7HFKQLFDO 5H�
SRUW 75 ������ 8�6�&� &RPSXWHU 6FLHQFH 'HSDUWPHQW� 6HSWHPEHU �����
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SXWHU 6FLHQFH� �����

>��@ 5� 6� /HKPDQ )DFWRULQJ /DUJH ,QWHJHUV 0DWKHPDWLFV RI &RPSXWDWLRQ�
����������������� ����

>��@ $� .� /HQVWUD DQG +� :� /HQVWUD� -U� $OJRULWKPV LQ QXPEHU WKHRU\� ,Q -DQ
YDQ /HHXZHQ� HGLWRU� +DQGERRN RI 7KHRUHWLFDO &RPSXWHU 6FLHQFH �9ROXPH
$� $OJRULWKPV DQG &RPSOH[LW\�� FKDSWHU ��� SDJHV ���^���� (OVHYLHU DQG
0,7 3UHVV� �����

>��@ $�.� /HQVWUD 	 +�:� /HQVWUD �HGV��

7KH 'HYHORSPHQW RI 7KH 1XPEHU )LHOG 6LHYH 6SULQJHU�9HUODJ /HFWXUH
1RWHV LQ 0DWKHPDWLFV ����� ����

��



>��@ $� .� /HQVWUD� +� :� /HQVWUD� -U�� 0� 6� 0DQDVVH� DQG -� 0� 3ROODUG�
7KH QXPEHU nHOG VLHYH� ,Q 3URF� ��QG $&0 6\PSRVLXP RQ 7KHRU\ RI
&RPSXWLQJ� SDJHV ���^���� %DOWLPRUH� 0DU\ODQG� ����� $&0�

>��@ +� :� /HQVWUD� -U� )DFWRULQJ LQWHJHUV ZLWK HOOLSWLF FXUYHV� $QQDOV RI
0DWKHPDWLFV� �������^���� �����

>��@ :� -� /H9HTXH� )XQGDPHQWDOV RI 1XPEHU 7KHRU\� $GGLVRQ�:HVOH\� �����

>��@ *DU\ /� 0LOOHU� 5LHPDQQ
V K\SRWKHVLV DQG WHVWV IRU SULPDOLW\� -&66�
���������^���� �����

>��@ 9LFWRU 6� 0LOOHU� 8VH RI HOOLSWLF FXUYHV LQ FU\SWRJUDSK\� ,Q +� &� :LOOLDPV�
HGLWRU� 3URFHHGLQJV &5<372 ��� SDJHV ���^���� 6SULQJHU� ����� /HFWXUH
1RWHV LQ &RPSXWHU 6FLHQFH 1R� ����

>��@ 3HWHU /� 0RQWJRPHU\� 6SHHGLQJ WKH 3ROODUG DQG HOOLSWLF FXUYH PHWKRGV
RI IDFWRUL]DWLRQ� 0DWKHPDWLFV RI &RPSXWDWLRQ� �����������^���� -DQXDU\
�����

>��@ 3HWHU /� 0RQWJRPHU\ DQG 5REHUW '� 6LOYHUPDQ� $Q ))7 H[WHQVLRQ WR
WKH Sb� DOJRULWKP� 0DWKHPDWLFV RI &RPSXWDWLRQ� �����������^���� $SULO
�����

>��@ 3� /� 0RQWJRPHU\ $Q ))7 ([WHQVLRQ RI WKH (OOLSWLF &XUYH 0HWKRG RI
)DFWRUL]DWLRQ 8&/$ GLVVHUWDWLRQ� ����

>��@ 3�/� 0RQWJRPHU\ $ 6XUYH\ RI 0RGHUQ ,QWHJHU )DFWRUL]DWLRQ $OJRULWKPV
&:, 4XDUWHUO\ ����

>��@ ,YDQ 1LYHQ DQG +HUEHUW 6� =XFNHUPDQ� $Q ,QWURGXFWLRQ WR WKH 7KHRU\ RI
1XPEHUV� -RKQ :LOH\ 	 6RQV� IRXUWK HGLWLRQ� �����

>��@ -� 0� 3ROODUG� 7KHRUHPV RQ IDFWRUL]DWLRQ DQG SULPDOLW\ WHVWLQJ� 3URFHHG�
LQJV &DPEULGJH 3KLORVRSKLFDO 6RFLHW\� ������^���� �����

>��@ -� 0� 3ROODUG� $ 0RQWH &DUOR PHWKRG IRU IDFWRUL]DWLRQ� %,7� ������^����
�����

>��@ &� 3RPHUDQFH� $QDO\VLV DQG FRPSDULVRQ RI VRPH LQWHJHU IDFWRULQJ DOJR�
ULWKPV� ,Q +� :� /HQVWUD� -U� DQG 5� 7LMGHPDQ� HGLWRUV� &RPSXWDWLRQDO
0HWKRGV LQ 1XPEHU 7KHRU\� SDJHV ��^���� 0DWK� &HQWUXP 7UDFW ����
$PVWHUGDP� �����

>��@ &DUO 3RPHUDQFH� 7KH TXDGUDWLF VLHYH IDFWRULQJ DOJRULWKP� ,Q 7� %HWK�
1� &RW� DQG ,� ,QJHPDUUVRQ� HGLWRUV� $GYDQFHV LQ &U\SWRORJ\� YROXPH ���
RI /HFWXUH 1RWHV LQ &RPSXWHU 6FLHQFH� SDJHV ���^���� 6SULQJHU�9HUODJ�
�����

��



>��@ &DUO 3RPHUDQFH� HGLWRU� 3URFHHGLQJV RI WKH $06 6\PSRVLD LQ $SSOLHG
0DWKHPDWLFV� &RPSXWDWLRQDO 1XPEHU 7KHRU\ DQG &U\SWRJUDSK\� $PHUL�
FDQ 0DWKHPDWLFDO 6RFLHW\� WR DSSHDU�

>��@ 0� 5DELQ� 3UREDELOLVWLF DOJRULWKPV IRU WHVWLQJ SULPDOLW\� -� 1XPEHU 7KH�
RU\� ������^���� �����

>��@ +DQV 5LHVHO� 3ULPH 1XPEHUV DQG &RPSXWHU 0HWKRGV IRU )DFWRUL]DWLRQ�
3URJUHVV LQ 0DWKHPDWLFV� %LUNK�DXVHU� �����

>��@ 5RQDOG /� 5LYHVW� 5HPDUNV RQ D SURSRVHG FU\SWDQDO\WLF DWWDFN RI WKH
0�,�7� SXEOLF�NH\ FU\SWRV\VWHP� &U\SWRORJLD� �������^��� -DQXDU\ �����

>��@ 5RQDOG /� 5LYHVW� &ULWLFDO UHPDUNV RQ C6RPH FULWLFDO UHPDUNV RQ SXEOLF�
NH\ FU\SWRV\VWHPV
 E\ +HUOHVWDP� %,7� ������^���� �����

>��@ 5RQDOG /� 5LYHVW� &U\SWRJUDSK\� ,Q -DQ YDQ /HHXZHQ� HGLWRU� +DQGERRN RI
7KHRUHWLFDO &RPSXWHU 6FLHQFH �9ROXPH $� $OJRULWKPV DQG &RPSOH[LW\��
FKDSWHU ��� SDJHV ���^���� (OVHYLHU DQG 0,7 3UHVV� �����

>��@ 5RQDOG /� 5LYHVW� 7KH 0'� PHVVDJH GLJHVW DOJRULWKP� 7HFKQLFDO 5H�
SRUW 0,7�/&6�70����� 0,7 /DERUDWRU\ IRU &RPSXWHU 6FLHQFH� 2FWREHU
����� �7R DSSHDU LQ 3URFHHGLQJV &5<372 �������

>��@ 5RQDOG /� 5LYHVW� $GL 6KDPLU� DQG /HRQDUG 0� $GOHPDQ� $ PHWKRG IRU
REWDLQLQJ GLJLWDO VLJQDWXUHV DQG SXEOLF�NH\ FU\SWRV\VWHPV� &RPPXQLFD�
WLRQV RI WKH $&0� ���������^���� �����

>��@ &� 3� 6FKQRUU DQG +� :� /HQVWUD $ 0RQWH�&DUOR IDFWRULQJ DOJRULWKP ZLWK
OLQHDU VWRUDJH 0DWK� &RPS�� ����������� ����

>��@ 5�'� 6LOYHUPDQ 	 6�6� :DJVWDm -U� $ 3UDFWLFDO $QDO\VLV RI WKH (OOLSWLF
&XUYH )DFWRULQJ $OJRULWKP 0DWK� &RPS�� �����������^���� -XO\ �����

>��@ *XVWDYXV -� 6LPPRQV DQG 0LFKDHO -� 1RUULV� 3UHOLPLQDU\ FRPPHQWV RQ
WKH 0,7 SXEOLF�NH\ FU\SWRV\VWHP� &U\SWRORJLD� ��������^���� 2FWREHU
�����

>��@ 1� 0� 6WHSKHQV� /HQVWUD
V IDFWRUL]DWLRQ PHWKRG EDVHG RQ HOOLSWLF FXUYHV�
,Q +� &� :LOOLDPV� HGLWRU� 3URFHHGLQJV &5<372 ��� SDJHV ���^����
6SULQJHU� ����� /HFWXUH 1RWHV LQ &RPSXWHU 6FLHQFH 1R� ����

>��@ +� &� :LOOLDPV� $ S�� PHWKRG RI IDFWRULQJ�0DWKHPDWLFV RI &RPSXWDWLRQ�
�����������^���� -XO\ �����

>��@ +� &� :LOOLDPV� $Q RYHUYLHZ RI IDFWRULQJ� ,Q '� &KDXP� HGLWRU� 3URFHHG�
LQJV RI &5<372 ��� SDJHV ��^��� 1HZ <RUN� ����� 3OHQXP 3UHVV�

>��@ +� &� :LOOLDPV DQG %� 6FKPLG� 6RPH UHPDUNV FRQFHUQLQJ WKH 0,7 SXEOLF�
NH\ FU\SWRV\VWHP� %,7� ������^���� �����

��


